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Stretching a one-dimensional rod by a 
fixed speed for a certain time

𝑣 𝑡 = 0×𝑡 + 𝑐 = 𝑐 𝑑𝑣
𝑑𝑡 = 0

𝑙 𝑡 = 0 = 𝑙!, 𝑙 𝑡 ?

Obtain true strain as function of time 𝜀 𝑡



Extension – fundamental solution

• Suppose we have initial length  𝑙! [mm], which 
undergoes extension at a constant rate 𝑐.
• The above can be mathematically expressed 

as

• Express 𝑙 as function of t: 𝑙 𝑡 ?

𝑙 𝑡 = 𝑙- +%
-

.
𝑑𝑙

𝑙 ≡ 𝑙(𝑡) with 𝑙 𝑡 = 0 = 𝑙! and "#
"$
= 𝑐

= 𝑙- +%
-

. 𝑑𝑙
𝑑𝑡
𝑑𝑡

= 𝑙- +%
-

.
𝑐𝑑𝑡 = 𝑙- + 𝑐𝑡 [𝑚𝑚]



True strain as function of time

𝑑𝜀 =
𝑑𝑙
𝑙

Since	𝑙 ≡ 𝑙 𝑡 ,

𝑑𝜀(𝑡) =
𝑑𝑙
𝑙 𝑡

As	such,

𝜀 𝑡 = 𝜀 𝑡 = 0 +%
-

.
𝑑𝜀 = 0 +%

-

. 𝑑𝑙
𝑙

= /
!

" 1
𝑙
𝑑𝑙
𝑑𝑡 𝑑𝑡 = 𝑐/

!

" 1
𝑙! + 𝑐𝑡

𝑑𝑡 = 𝑐
1
𝑐 ln 𝑙! + 𝑐𝑡 !

"

= ln 𝑙! + 𝑐𝑡 − ln 𝑙!



Program to calculate 𝜀 𝑡

Result of the left

Although the below works as it is, it contains a bug – try 
the program by changing the initial value l0 to 5.  Find the 
bug and address the issue.



Extension – Numerical solution (Euler)

• Suppose we have initial length = 1 [mm], 
which undergoes extension of 0.1 [mm/s].
• Numerical strategy to solve the above:

d𝜀 =
d𝑙
𝑙 Δl =

dl
dt
Δ𝑡

With sufficiently small Δ𝑡, the convergence 
should be attained.Δ𝜀 =

Δ𝑙
𝑙

𝜀(678) = 𝜀(6) + Δ𝜀



Program to numerically estimate e(t)



Another interesting question would be 
under what velocity we should stretch 
to have a fixed strain rate?

Find 𝑙(𝑡) that gives !"
!#
= 𝑐𝑜𝑛𝑠𝑡.

𝑑𝜀 =
𝑑𝑙
𝑙 → /

!

#
𝑑𝜀 = /

$!

$ 𝑑𝑙
𝑙 → 𝜀 = ln 1 +

𝑙 − 𝑙!
𝑙!

→ exp 𝜀 = 1 +
𝑙 − 𝑙!
𝑙!

→ 𝑙 = 𝑙! 𝑒# − 1 + 𝑙! → 𝑙 = 𝑙!𝑒#

→ 𝑙 𝑡 = 𝑙!𝑒#(")

𝑑𝜀 = 𝑐 𝑑𝑡 → /
!

#(")
𝑑𝜀 = 𝑐/

!

"
𝑑𝑡 𝜀(𝑡) = 𝑐𝑡

→ 𝑙 𝑡 = 𝑙!𝑒'" 𝐹𝑌𝐼,
𝑑𝑙
𝑑𝑡 = 𝑙!𝑐𝑒'"



Stretching a one-dimensional rod 
by a variable speed

𝑣 𝑡 = 𝑑𝑙/𝑑𝑡 = cos 𝑡 ×rad/sec ×𝑚𝑚

𝑑𝑣
𝑑𝑡 = − sin 𝑡

𝑙 𝑡 = 0 = 𝑙! 𝑚𝑚 , 𝑙 𝑡 ?



Extension – fundamental solution

• The problem can be mathematically expressed 
as

• Express the length as function of t: 𝑙 𝑡 ?

𝑙 𝑡 = 𝑙 𝑡 = 0 + %
-

.
𝑑𝑙

𝑙 ≡ 𝑙(𝑡) with 𝑙 𝑡 = 0 = 𝑙![𝑚𝑚] and ($
("
= cos(𝑡)

= 𝑙- +%
-

. 𝑑𝑙
𝑑𝑡
𝑑𝑡

= 𝑙- +%
-

.
cos 𝑡 𝑑𝑡 = 𝑙- + sin 𝑡 @

-

.
= 𝑙- + sin(𝑡)



True strain as function of time?
𝑑𝜀 =

𝑑𝑙
𝑙

Since	𝑙 ≡ 𝑙 𝑡 ,

𝑑𝜀(𝑡) =
𝑑𝑙
𝑙 𝑡

As	such,

𝜀 𝑡 = 𝜀 𝑡 = 0 + /
!

"
𝑑𝜀 = 0 + /

!

" 𝑑𝑙
𝑙

= /
!

" 1
𝑙
𝑑𝑙
𝑑𝑡
𝑑𝑡 = /

!

" 1
𝑙! + sin(𝑡)

cos(𝑡)𝑑𝑡 =? ?



Let’s get 𝜀 𝑡 (numerical approach)

𝑑𝜀 =
𝑑𝑙
𝑙

𝑑𝑙
𝑑𝑡 = cos 𝑡

𝜀 = 𝜀 𝑡 ?

Δ𝜀 =
Δ𝑙
𝑙

Δ𝑙
Δ𝑡 = cos 𝑡 Δ𝜀 =

cos 𝑡
𝑙 Δ𝑡

Δ𝑙 = cos 𝑡 Δ𝑡 𝑡()*+) = 𝑡()) + Δ𝑡

𝑙()*+) = 𝑙()) + Δ𝑙

𝜀()*+) = 𝜀()) + Δ𝜀

𝑡(!) = 0

𝑙(!) is specified

𝜀(!) = 0

Quite customarily, we try 
a fixed value  Δ𝑡



Let’s get 𝜀 𝑡 (numerical approach)
𝑡(!) = 0

𝑙(!) is specified

𝜀(!) = 0

Quite customarily, we try 
a fixed value  Δ𝑡

Δ𝑙 = cos 𝑡! Δ𝑡

Δ𝜀 =
cos 𝑡!
𝑙!

Δ𝑡

𝑡(+) = 𝑡(!) + Δ𝑡

𝑙(+) = 𝑙(!) + cos 𝑡! Δ𝑡

𝜀(+) = 𝜀(!) +
cos 𝑡!
𝑙!

Δ𝑡



Let’s get 𝜀 𝑡 (numerical approach)
𝑡(!) = 0

𝑙(!) is specified

𝜀(!) = 0

Quite customarily, we try 
a fixed value  Δ𝑡

Δ𝑙 = cos 𝑡! Δ𝑡

Δ𝜀 =
cos 𝑡!
𝑙!

Δ𝑡

𝑡(+) = 𝑡(!) + Δ𝑡

𝑙(+) = 𝑙(!) + cos 𝑡! Δ𝑡

𝜀(+) = 𝜀(!) +
cos 𝑡!
𝑙!

Δ𝑡

𝑡(+) ← 𝑡(!) + Δ𝑡

𝑙(+) ← 𝑙(!) + cos 𝑡! Δ𝑡

𝜀(+) ← 𝜀(!) +
cos 𝑡!
𝑙!

Δ𝑡
𝑡(+) ← 𝑡(!) + Δ𝑡

𝑙(+) ← 𝑙(!) + cos 𝑡! Δ𝑡

𝜀(+) ← 𝜀(!) +
cos 𝑡!
𝑙!

Δ𝑡



Let’s get 𝜀 𝑡 (numerical approach)
𝑡(!) = 0

𝑙(!) is specified

𝜀(!) = 0
𝑡(+) ← 𝑡(!) + Δ𝑡

𝑙(+) ← 𝑙(!) + cos 𝑡! Δ𝑡

𝜀(+) ← 𝜀(!) +
cos 𝑡!
𝑙!

Δ𝑡

𝑡 ← 𝑡 + Δ𝑡

𝑙 ← 𝑙 + cos 𝑡 Δ𝑡

𝜀 ← 𝜀 +
cos 𝑡
𝑙 Δ𝑡



Let’s get 𝜀 𝑡 (numerical approach)

𝑡(!) = 0

𝑙(!) is specified

𝜀(!) = 0
𝑡 ← 𝑡 + Δ𝑡

𝑙 ← 𝑙 + cos 𝑡 Δ𝑡

𝜀 ← 𝜀 +
cos 𝑡
𝑙 Δ𝑡

For initial length 15 For initial length 5 



!"
!#
= cos 𝑡 (cheat sheet)

𝑡(+) ← 𝑡(!) + Δ𝑡

𝑙(+) ← 𝑙(!) + cos 𝑡! Δ𝑡

𝜀(+) ← 𝜀(!) +
cos 𝑡!
𝑙!

Δ𝑡



Stretching a one-dimensional rod 
by a variable speed (#Exercise)

𝑣 𝑡 = 𝑑𝑙/𝑑𝑡 = sin 𝑡 ×rad/sec ×𝑚𝑚

𝑙 𝑡 = 0 = 𝑙! 𝑚𝑚 , 𝑙 𝑡 ?


