Stress tensors

Z4oly. AHJIES0|E (AMB2022)
HAE
Heffstn Maxfsete

YJEONG@CHANGWON.AC.KR

AP A #452-212 M3} 055-213-3694

HOMEPAGE: HTTP://YOUNGUNG.GITHUB.IO



mailto:yjeong@changwon.ac.kr
http://youngung.github.io/

z L},

]

—_
(®)
—

== H

'63
Cr (A& ECh = E e 7t

L

it H
e

| 22
SESION




)
-
23
D
Wn
r—l—
)
(D
Wn
Wn
QL
O
T,
>
0Q
O
-
QL
j=2
QU
-
(D

HOz Ro= gl BY JH
=2|or ULt 2| 9
Of

I TEA LEOl

\L, Sl ¢ B0 Xgohe Blmt 1 Blo
S B (ae, BN)0 2 HolE S 7| ostxt



Recap: Compressive stress acting on a plane
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Only two types of stress components: A;‘ XCF 224
S O OFb=x T 1, (=}
1) Normal (21&+ =22 Y=-) A oo oF I_I:I|- -('5_||:|:|
o = [

2) Shear (+,-)
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stress state (& & 2 E)

[r2tA, SEEE= S 97l 84 d22= #3325 UL
970 +EddE T 37HX|= =& dE(normal components)O| 11, LIH X| 67t X| = T Et
‘A= (shear components)O| Cf.

A vector (1%t rank tensor) consists of three components in the 3D space.
Example in 2D
A B S S BN F3|7t EZ L2 10m/s, EF 22 5m/s 2 0| 5F0|2tPH?

Example in 3D
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Static condition
Quasi-static condition
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A o|= el ™ d(force equilibrium) 710 S| & St= 2X|= 2 =250 CHELE
HAENE TSI HE SIHR|E:
Normal: tensile(+) or compression(-)

Shear: forward shear (+) and backward shear (-) (T £Fe| 2k H1 &
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Stress at a material point

dot 37| & 7H% Hol| 21 85t= &= 0|85t Mot 37| & 7%
‘o L'SHA A ESH=E 382 HA; Within the area (denoted as A),
the force is homogeneous.
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Coordinate system and basis vectors

o= ZtuAE YL EA 2| 20| &= LSS normal vector (F
A7[7r 19 HH)Z H91.
Cartesian coordinate system+— orthonormal coordinate system
MZ =25t M| normal vectorE H310| 75 S}Lt,
e 71 M| normal vector= = basis vector= A StZICH 2|10 ZF2)

€1,€, €3 = LI'El'LH Zﬂ'-_-l'
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Cauchy stress tensor
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Cauchy stress tensor
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Shear stress (and its sign)
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2D stress tensor representation using matrix

. _E
xXx
Ay
5 = Oxx ny] _[011 012
Oyx Oyy 021 022
O #7|¥S
UO Z AIESHA}

_[011 le]
Tz21 022

o

7 (tau) 7|2 7F M EHEH 2 normal
stress component et LE317|
o —t
floll &

Warning: a tensor is not a matrix. We just borrow the

form of matrix to write down the tensor components.

There are cases where you cannot write down the
tensor components to matrix;
Tensors can be in multi-dimension — like 6, or 9.




3D stress tensor represented by matrix

ZD%E=| E'||A-| |§| F

0o =

I [O11 ] 012 J13]|
{021 Oy, 023‘ It 2. normal of the plane
031 | 03, 033 18 ZHAH direction of the force

The subscript number refers to the basis axis, with which the associated direction is parallel.
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SHE S ke BZHY S| HE
L tﬂ._l'.ZXEIOI_H-——lE

= AH | Force ZtHE A (coordinate system) HEH2 Xt H =

- () (coordinate axes) HZ2tQ 2 & = ZILC},
e, 1. Force vector, F EEoF =0 %l
ZtH A|(coordinate system)O| F=[F, F]
ULHH HHO| HEj= HH 75
(e
22%2‘5 \\\\~.‘\ F1,F2E2|SO'II|_I}_|'E7:” (elieZ

AESHO M # 7ts

basis vector= O|F 0] Z£1)0j| A
H A=l Force vector Fo| A&

(component)
Yoz HELO ot H = =0t
CH &l 72 S M| (bold face) AFE.
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F = Fie; + Fe, = F1é, +

VectorE LIEIL = EHHEA
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2AA ErEA L 4 of ZtEAO| M CHE ZHEA 2
=7Io| ZtE & ‘H2P S A|F{F &= direction
B35 2{ M cosineg2| 28 AE'E HT
7
V4
Old co. sys 7
[e1 ez] 7
» Old Co. Sys. 2| j H1 R basis

Q. vector2} New Co. Sys2] i
1) B basis vectorAtO| 2]
direction cosine

direction cosine? CF=2+0|...
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Quaternion (convenient mathematical notation for representing orientations)
Rodriguez (a vector and an angle; any arbitrary orientation; misorientation)
Euler angles (Bunge notation (¢4, ®, ¢,) is widely used — ZXZ convention)

Transformation matrix

A LaTeX script to generate below illustration:
https://youngung.github.io/euler/

teangp @22 = C0S(027)

Old co. sys.

[e1 e ej3]

A1 Ay Q43

é | [[#11 Gz Qi3
' [ ] ME CHE & ZhE Al (axes,

o 12 ME x,x,x, 2 O|Z01Z
SEALD xprox 2 020Kl & coordinate)2| 22| 2HAH 7} StLLC)

CHE EEA 27} LIEFLFQICE ZHEA| 22| Fe=————c——c—cdacccccc oo transformation matnxi _-H-_ O|_:| EEII .

as31 dzp; dzz

New co. sys.
o
N

x'; basis vector@ FLEA| 12| 4 basis | 1 Transformation matrix (not tensor)
vectors 2| BAE ayy, ay, ap3 & | - m e -

direction cosineS. 2 H ML},



https://youngung.github.io/euler/
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Old coordinate system

e, &

F = [10N ON]

10N2| 0| 2E

2 X2l coordinate system?H0j|
Hiak O = (A A BHER Btk ccw

o o
7|&E)e
LEEHE == QUL

| 2t 2| % angular rotation2 £

% =il

New co. sys.

|

€
e,

Old co. sys.

[e1 €]

] [‘111 ‘112]
a1 Qzp

[t2tAM —6 2 old
Coordinate = CCW
2| TS ™H New
Coordinate”/| =L},

a,; = cos(—0) = cos 6

a,; = cos(90° — @) = sind
a;; = cos(90° + 6) = —sind
a,, = cos(0)



AR HIEO| Rt HB H 7|42

I

2XHe coordinate systemZtOf| 2= oF F, = cos 014 F, + c0s 015 F, = ay1Fy + a5 F,
Ijol-%:gE(Alﬁlul_l-EHHl_l-%l:CCW 7|Z'|_S)9-| '7_||"9_|IX_‘| 1_‘,' = cos B, F, +cosO-- F>, = a--F. + a--F
angular rotation2 2 LIEH'A = QUL 2 2111 22 I'2 2111 2202

a5, = cos(90° + ) = —sin6b

a,, = cosf

e} & j=1,2
2t —6 2 old Fi = a; Fy +a,F, = z aq;F
Coordinate & j
ccw 2| HSHH j=1,2
0 e New C0Ec|>|r:dr|nate7|' F; = a1 F; + axF, = Z az;f
e — . j
€
Old co. sys.
: [€1 €] B
% é] a1 a2 a11 = Cos0
S [éz] [a21 Clzz] a,; = cos(90° — 0) = sin0
P
()]
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Excel exercise #1

Coordinate transformation in 2D.

transformation matrix
theta
degree radian
45 0.785398
90 1.570796

vi=

V2=

v3=

procedure solution
cos(theta) cos(90+theta)
cos(90-theta) cos(theta)

Transform following 2d Vectors?

1 0.707107
0 0.71934
0
1

05

05



QAR BB | 2y B2 H 7 (43

|

Fl = COS 911 F1 + cosS 012 FZ == a11F1 + a12F2
F"Z = COS 021 Fl + cos 022 FZ — a21F1 + a22F2

j=1/3

j=1,2 :
, ) Fi = a1 F; + a2k +agsk; = Z aF]
Fi =aq1F; +apF, = Z a4 =
. sxteloz N
]_=]1’2 =I9S) F, = a1 Fy + axFp + azsFs = z az;F;
4 -_i
F) =ayFy +azkF, = z Az; k] . Ny
F3 = a31F; + azF, + azzF; = z as;F;

J .
j

$19| 20| X| B, ZH et}

8 HEoEH dAEM ojddE 4 [ L L
[F2rA, 2AtA dEdiE= A

| 25|,



2XHQl HIE{O| ZHE Bt H |44

3

Fi = a1 F; + a;,F, + a;3F; = z aq;Fj
j
3

Fy = a1 Fy 4 axF, + ay3Fs = z ay;F;
j
3

F3 = a3 F + azF; + azzk; = z aszijF;
j

a1 aqp Qg3
a1 Ay QA3
aszq1 dzp; A3z

AUSHA O 7| o H
tensor”/} OfL|LC},

Transformation ‘matrix’.

U= O S ZUSHAH . Bt coordinate system (e,
i=1,2,3) Ol A & 7| =l BIE{ vector F& &£ CHE
coordinate system (é;, i=1,2,3) 2 2 HZl
(transformatlon) ol= 2= 5 coordinate
system= ‘0| 0{’3== transformation matrix [a;;]
£ AMESH0] ChE 1t 20| 5t 0|8 ==
ULF.

Fi = Cli]'F]' (l,] = 1,2,3)
2} 2O BF=E| = indexO| CHet

‘summation’O| M Ek | ILCF,

HICH 2 §0t5,_| HtAlO 2 B3 El tensor
operatlon = B MEFE summation 7|22

L} OF 3l LY Of OF THL}.



AR I O] Zf

H 2 7 V| #5

|

2 X2l coordinate system? O 2HA|
Higk O = (A| AlEtCH EtSkccw 7| &)
angular rotation2 = LIE}'EH = Q!

Old co. sys.

[€1 €]

[él] [a11 ‘112]
é,] laz1 az;

New co. sys.

|

L 3}

- L

o| 22|
C}.

[CH2fA —6 2 old
Coordinate & CCW
2| TSHH New
Coordinate”} EIC},

a,; =cosf

a,,; = cos(90° — @) = sin0
a,, = cos(90° + 8) = —sinf
a,, = cosf

—sin 8

a1 a12] . [COSQ
sin@ cosé@

az1 Az

el
er

n
>

€

[(111 ‘112]_ cos 6
—sin @

a1 04z

[h2tA 6 2 old
Coordinate =
ccw 2| T oHH

New Coordinate”}
=IC},



TEH M2 2nd order HIA

Vector2| &% Zf componentd| basis

vector7f Ol"—"'&l P.;"EJE:! Einstein summation convention

O Ql4+ErQI
2nd order tensor2| A% 271 2| basis S
vector7f BHEAE! (30| wsET} B o| B

]

E}O|
—
=
H

40

3

3
Z Zazkajlffkl = QA1 0k
k

l

ai1 412 Q4i3
R=|a, ay, ay; A= O| RO| transpose
dz; d3zz dz3 operation= ...
ZtHE = matrix2|

RT: transformation & & R2| transpose; (RU)
transpose?

e T
RT: transformation & & R2| transpose; (R;;) = R™?



Excel exercise #2

Coordinate transformation in 3D.

transformation matrix
theta
degree radian
45 0.785398
90 1.570796

vi=

V2=

v3=

procedure solution
cos(theta) cos(90+theta)
cos(90-theta) cos(theta)

Transform following 2d Vectors?

1 0.707107
0 0.71934
0
1

05

05



Euler angle and transformation matrix

. COS Q] COS Py —Sin@ Sing, cos@  sinQ;cos Py +cos @ singy cos®@  sin g, sin@
_
EUIer Transformation 1] = |~cos@;singy—sin@;cos@;cos@ —sin@g;sin@; +cos@;cos @, cos@  cos @y sin@
44— .
ang|eS matrix sing; sin@ —cos @y sin®@ cos @
See subroutine EULER in VPSC code Excel or Google spread sheets:

https://youngung.github.io/euler2ndtensor/

€ ook ook o s ook o o o ok o s e o e o e b e o o ok ok s e ok o s ke ok ok s e e ok s e ke ok s e e ke sk o sk e ok ok sk sk ok e ke ke ok ok ke ok ok

subroutine euler (iopt,ph,th,tm,a)

CALCULATE THE EULER ANGLES ASSOCIATED WITH THE TRANSFORMATION
MATRIX A(I,J]) IF IOPT=1 AND VICEVERSA IF IOPT=2

A(i,j) TRANSFORMS FROM SYSTEM sa TO SYSTEM ca.

ph,th,om ARE THE EULER ANGLES (in degrees) OF ca REFERRED TO sa.

38 3k ok ok o o o ok o e ke e ke ok ke ok ok ok ok 3k ok 3k ok sk 3k sk ok ok ok ok ke o o ok e ke ke ke ke 3k ke ok 3k ok 3k 3k ok 3k ok sk ok ok ok ok o o e e ke e e ok e ke ke ke ke sk ok



https://youngung.github.io/euler2ndtensor/

Transpose operation G| A

Cr=1F &2 transformation matrix7F =01 & UL},

0.848 —-0.528 0.044
=10.530 0.845 —-0.075
0.003 0.087  0.996

[IJ|O

2| transformation matrixe 225+, old coordinate system| A{ [1,0,0]12 E
#H7|k[= HE 7 X7 Hel 2 O{EA v =X 4 884 [xy,212 xy,z
—_|-|-'<'5|-A|2.

£ transformation matrix2| transpose &l 2= —_rL'c'J'L_'l_
x,y,z HE{ S H=2ol ChZF [a,b,c] 2 7| &|= B E 4f= 1 SHA| 2.



TraA #Hete| 2|0

=2 0| M &A= Ereo| 2R
S

INE
SHEXEOEE S2(H o0 BA 2 s TA| e =
ol=2 2 E AEA Ll &2tEl0] 280t , 22| BMA = A& A ZE A 0
o 5L}
T = .

MO HEf = Boik|l= 223 (B2 =28) =& ZHEA T 28 B =

of= HIA Q| it7|t”(°*¢)01| o5l HIM 2| dZ =0 HH =
2 = .EiH ot= 27| B(FH)0f e 0 T ZfrA O A £
ChE e A = B O =M BIA 2 ’8—'?'—3I§0| O Hot=A| &4 E L,

HIA L ‘rank’Off [2FA] ZpE A L 2HE O] O E A BHY =X ZOFE QAL



Inner dot product

Tensor 7| = E indexOf| 24| E7|SHX| @411 bold-face symbolZ H7|SH7| = &t
O:”) Ui]' I:H (] O'E, Fi I:HA|_| F = :H'_7|

Inner dot product= EllAM @} Ell A{Z7+O| O 2] operationS Of| StLIE, 205t =
£l K 2H9] *OHE index 7} 12 0| £ 0f E{ 84| = (summed) &1

A EQUE HIE O Xt HEH B (coordinate transformation)= bold-face =2 H}H

center dot= *f% [ ®#7|
F=R-FE H7|
F; = RyF; (matrix FEE 2o index§ &7 ot= H)

2nd order tensorl| ZtHEHZIZ

6=R-o-R"!
L Ty _ _ _
6ij = Rixopa (R )1]- = RikoriRj1 = RixRj10k1 = RjiRk01



Double Inner dot product (= tensor contraction)

Work done to an infinitesimal material point: Summation
3 3 ovgr a.pa|r of
indices
Work done = 0'@)81] = z 2 Gijgij
1]

= 011€11 T 012812 T 013€13 T 021&21 T 022822
T 023E23 + 031831 T+ 032E37 T 033€33

Colon 7|2 (:)E double inner dot operation (=tensor contraction)=
LHEFHE.

W =o0:¢



Self-Consistent Crystal plasticity

Each grain is an elastic and/or plastic anisotropic ellipsoidal inclusion embedded
in an elastic and/or plastic anisotropic Homogeneous Effective Medium (HEM).
The crystal orientation inside the inclusion is accounted for

- elastic .
& = Sijlekl

Threshold stress 1t described \

by a Voce hardening law 0
o = T9 + (11 + 611) (1 — exp( FTO))
1

M
B,
s.<

I
;{.
[]
2,

Ql

m:|

ESHELBY PROBLEM
Solving equilibrium equation for inclusion —> Gij j — O
interacting with homogeneous medium: ’

- Predicts uniform stress and strain rate in the inclusion



=l 77| 8

=2 22 LA ‘Greek’ alphabet= 7

ZrEA 0| 2| ‘d = (component)dtS EP15H= indexS TN
subscript (7 superscript)2 20 LIEFHC}

ScalarS HEAol= 7|§Oﬂi OIS AT} QIC -

O: 2 (m) 2% (p), ==(T)
vectorOf| = QIS A5 StLt 2 QICt
ol: £ (v;), & (f). Ol Ztindex= 1,2,3 5 M7 2]

T+HEE (component)7f XXH.

2nd rank tensorOf| = &7l 2| QIHIAE EOICH

o: S5 (g;;) 7F7FO| index it j= 1,23 M7H2 +Idd=S
7f7‘|[f [hetA S 97h 2] -_r“éjé!—i— (3x3)O| =Y etCt.

3rd rank tensor= A7 Q| QIEIA =

4t rank tensor= L[ 72| QIEIA E 3x3x3x3, 8170 2| T+ =

Q.
EtM A == (elastic modulus) EI A
HIE = =2 [1x3] 22 3x1]2 ¥ H HEHE L& 2201

Scalar= 0t rank tensor, vector= 1%t rank tensor

|S 2 AIRS +o4 7| &0| &&=
N

3x3x3 2770l +FEMHE TR

No. of Indices (=No.

type of transformation Gl A|
needed)

Scalar 0 mass, density
Vector 1 velocity, force
2" rank tensor 2 stress, strain
Piezoelectric

3rd rank tensor 3 .

moduli
4th rank tensor 4 Elastic moduli

A0 Moduli= modulusl| E4A



