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Differential Equation (0| = &8 Al

What is differential equation (0| =85 41)?

O] X[ 2] (unknown) =2} 11 gt4=0f & gt=(derivative) 2 O| FO0{ T| 2FE 4]
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Unknown function y(x) 2 y(x) ==x*+C
derivative 7} x 2
— S - \
dy Unknown function ©
dx 7 derivative’| y y(x) = Ce
yy' ' +x=0 Some complex differential equation y(x)*+x*=C
- —-————~
*% A,/ dy
y = dx
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https://en.wikipedia.org/wiki/Differential_equation

Application of differential equation? (Ex1)
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Application of differential equation? (Ex2-1)
https://en.wikipedia.org/wiki/Differential _equation Ax (1EE2) /IES=:
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Application of differential e

? (Ex2-2)
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Analytic solution of (Ex1)

https://en.wikipedia.org/wiki/Differential_equation
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Analytic solution of (Ex2)
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Numerical method?

There are many of them. My examples in what follows are limited to Forward Euler
method applied for integration.

Euler method (2 € 2{ &I ).
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Numerical solution? (Ex2)

=0|HO| A= SHUM =EHxEIHC 2
Hiat10[m/s1B 2 5= SRS O, ¥ole
AZb10ZE7F K| = S0y $ K| =2

v, dy = v,(t)-dt Ay =v,(t) - At

x dt
Let’'ssayAt =1andty, =0

Yn+1 = Yn + 0, (t)AL = y, + gt At
the1 = tn, + At

Analytic solution (True solution)
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Simple programming using Python

t=0.

y_nu=0.

dt=1

ts=[]

ys=[1]

while (t<10):
y_nu=y_nu+9.8*dt*t
#plot(t,y nu, 'ok')
t=t+dt
ts.append(t)
ys.append(y_nu)

t=np.linspace(0,10)

ax=gca()

ax.plot(t,y(t),label='Analytic solution (True solution)',c='orange',6lw=3)

ax.plot(ts,ys, 'k-o',label=r'Numerical solution with $\Delta t$=%2.1f'%dt,alpha=0.5,zorder=-1)
ax.set_xlabel(r'time [sec]')

ax.set_ylabel(r'y(t)")

ax.legend()

<matplotlib.legend.Legend at 0x10cbdfad0>

300 1/ Analytic solution (True solution)

~&~ Numerical solution with At=1.0
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Excel demonstration of the previous Ex.

dy _
=V dy =v,(t)-dt Ay =wv,(t)- At
Let'ssay At =1andty, =0

Yn+1 =Yn T+ vy(tn)At = Yn + gt At

the1 = t, + At

500
wwm Analytic solution (True solution)
400 A =@~ Numerical solution with At=0.5
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Advanced example

dy Unknown function o
a _ y(x) 2 _ ox
= x)=Ce
dx 7 derivative /| y y(x)
SEAO| S A &
27| Zya=0=18 oo, MO
U0 O ZICHH... e
N ES IS I 22U y(x=0)=1 Q: x’t 48 I y=2? =, y(4)?
Let’s solve it with Ax = 1 xo =0 My, =1
(assuming Ax = 1 is sufficiently small)
Xn+1 = Xp + Ax =X+ Ax =1 yp=1xz=2
X, =2 y, = 2X2 =4
Yn+1 = Yn HAY ) =y, + ypAx
X3 =3 y; = 4x2 =8
Ax= 012 7HIUCE, A S — 16
X4 = Yy = =

JHECHE Ay=?

Ay = yAx VYnt1 = Vn T YnXAx  Yny1 = Yn(1 + Ax)



Advanced example

Lsgt’s try to various Ax values

40 1

20 1

n X y
0 0.00 1.00
1 1.00 2.00
2 2.00 4.00
3 3.00 8.00
4 4.00 16.00

n X y

0 0.00 1.00

1 0.50 1.50

2 1.00 2.25

3 1.50 3.38

4 2.00 5.06

5 2.50 7.59

6 3.00 11.39

7 3.50 17.09

8 4.00 25.63
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.00
.01
.02
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.04
.05

93
44
95
47
99
52

3993
3994
3995
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3999
4000

B wwwwwww

.993
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.995
.996
.997
.998
.999
.000

54
54
54
54
54
54
54
54

.109
.163
.218
.272
.326
.380
.435
.489

Error (%)

70 1
60
50
40 -
30
20 1
10 A1

0

- o T - e —
dy Unknown function ©
ay _ y(x) 2 — Ce*
dx 7 derivative 7} y y(x) = Ce
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Excel demonstration

dy .
=Y y( )
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Area of circle.

Everyone knows how to calculate the area of circle whose radius is given as <r>.

R

The answeris: TTR?

Let’s invent the integration.
Divide the whole area by chopping them as smaller rings:

OMO%MWV AT
/\) A




Area of circle.

Y
@)fm\lr) T

M o 2 Ooto oo fov G

ﬁ imc)va Tl




