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Build a sub program on von Mises

• Main program accepts stress tensor
• FUNCTION that represents the von Mises 

equivalent stress based on the given stress 
tensor

σ! − σ!! " + σ!! − σ!!! " + σ! − σ!!! "

2 = 𝜎#$



von Mises function

real function vonmises(stress)

real stress(3)

vonmises=(stress(1)-stress(2))**2+(stress(2)-stress(3))**2+(stress(3)-stress(1))**2

vonmises=sqrt(vonmises/2.)

return

end function 



Build a program called von Mises

• Now with full Cauchy stress tensor

σ%% − σ"" " + σ"" − σ&& " + σ&& − σ%% " + 6 σ%"" + σ"&" + σ%&"

2 = ϕ#$



• Now, let’s write a subroutine version von 
Mises function.

Build a program called von Mises



von mises subroutine

subroutine vonmises(stress,vm)
real stress(3), vm

vm=(stress(1)-stress(2))**2+(stress(2)-
stress(3))**2+(stress(3)-stress(1))**2
vm=sqrt(vm/2.)

return
end subroutine

program main
real stress(3)
stress(1)=1.
stress(2)=0.
stress(3)=1.
call vonmises(stress,vm)
write(*,*)’von Mises stress:’,vm
end



Find stress that satisfies yield criterion

• In the plane of                 assuming that the other 
stress components are zero.
• We take an approach utilizing the characteristics 

of ‘homogeneous function of degree n’

• This is not the only way; there can be numerous 
ways to find stresses that satisfies yield criterion. 
But the method we are going to use is quite useful 
to understand the mathematical characteristic of 
homogeneous yield function.

(𝜎)), 𝜎**)



Metal flow theory with homogeneous function

A homogeneous function (f) of degree n in the space of (x,y) obeys:

𝑓 𝑡𝑥, 𝑡𝑦 = 𝑡!𝑓(𝑥, 𝑦) where t is any arbitrary constant

Function f is called as a 
homogeneous function of degree n

Then, what is a homogeneous function? What properties should we know?



To make sure your stress coordinates on the yield locus (surface)

1. Choose an arbitrary stress in the space t𝛔 (individual unknown, yet, the product is specified 
arbitrarily by yourself). Note that t𝛔 can be considered as a vector in the arbitrary stress space.

2. Evaluate the result

#𝜙 = 𝑓(t𝛔) ;    since t𝛔 is specified, #𝜙 is also automatically specified as well.

3. Using the characteristic of homogeneous function of degree 𝑛, the above means:
#𝜙𝑡! = 𝑓(𝛔)

4. Now, the usefulness of above becomes obvious: take a look at below chain of rearrangements

Our preliminary result is summarized to be: 𝑓 𝑡𝛔 = #𝜙

Next question will be: what is r that satis1ies 𝑓 𝑟𝛔 = 1?
1
#𝜙
=
𝑓 𝑟𝛔
𝑓 𝑡𝛔

=
𝑟!𝑓 𝛔
𝑡!𝑓 𝛔

=
𝑟
𝑡

!
→
𝑟
𝑡
=

1
#𝜙

"/!

→ 𝑟 = 𝑡
1
#𝜙

"/!

→ 𝑟𝝈 = 𝑡𝝈
1
#𝜙

"/!

Now that we obtain 𝑟𝝈, we know 𝑟𝝈 is located on top of yield locus with 𝑓 𝑟𝛔 = 1. 



Scaling a ray of stress to meet yield 
surface

σ%%

σ""
𝑡𝝈 = (𝑡𝜎%%, 𝑡𝜎"")

𝑟𝝈 = (𝑟𝜎%%, 𝑟𝜎"") → 𝜙 = 𝑓 𝑟𝝈 = 1

→ 𝑓(𝑡𝝈) = 5𝜙

A coordinate (𝜎' , 𝜎() can be regarded as a vector 𝝈 with its starting
point fixed to origin (0,0)
Having the above in mind, let’s look at the the scaling …



Algorithm to find where the stress 
ray meets the yield surface
• Goal: find a point vector r𝛔 with a specified 

size r𝛔 = 1 for a homogeneous function of 
degree 𝑛
• Algorithm
• Obtain %𝜙 = 𝑓(t𝛔)

• Obtain 𝑟𝝈 = 𝑡𝝈 )
67

)/9

• 𝑟𝝈 now gives 𝜙 𝑟𝜎 = 1



Example
subroutine vonmises(stress,vm)
real stress(3), vm

vm=(stress(1)-stress(2))**2+(stress(2)-stress(3))**2+(stress(3)-stress(1))**2
vm=sqrt(vm/2.)

return
end subroutine

subroutine yf(tsig,rsig)
real tsig(3),rsig(3),phitilde,phi
Integer n
n=1 !! homogeneous 
call vonmises(tsig,phitilde)

do i=1, 3
rsig(i)=tsig(i) * (1./phitilde)**(1./n)

enddo

call vonmises(rsig,phi)
Write(*,*)’phi:’,phi
return
end subroutine 

• Algorithm
• Obtain %𝜙 = 𝑓(t𝛔)

• Obtain 𝑟𝝈 = 𝑡𝝈 )
67

)/9

• 𝑟𝝈 now gives 𝜙 𝑟𝜎 = 1

program yf(stress)
Real tsig(3)
tsig(1)=1./sqrt(3.)
tsig(2)=1./sqrt(3.)
tsig(3)=0.

call yf(tsig,rsig)

write(*,*)’rsig:’,rsig(1),rsig(2),rsig(3)

end program



Hill yield function (Exercise)

• Add another choice of yield function: Hill48

• In below form, the Hill48 is a homogeneous yield function of degree n with respect to stress tensor

ϕ)*+ = 𝐹 𝜎"" − 𝜎&& " + 𝐺 𝜎&& − 𝜎%% " + 𝐻 𝜎%% − 𝜎"" " + 2𝐿𝜎"&" + 2𝑀𝜎&%" + 2𝑁𝜎%""
%
"



Hill48 yield function (cheat sheet)



Improve von Mises program

• Add a feature to calculate derivative
• Analytical derivative
• Numerical derivative (based on finite difference)

σ%% − σ"" " + σ"" − σ&& " + σ&& − σ%% " + 6 σ%"" + σ"&" + σ%&"

2
= ϕ#$



Hill, von Mises yield surfaces

σ%%

σ""

𝜃

𝑡𝝈 = (𝑡𝜎%%, 𝑡𝜎"")

𝑟𝝈 = (𝑟𝜎%%, 𝑟𝜎"") → 𝑓 𝑟𝝈 = 1

→ 𝑓(𝑡𝝈) = 5𝜙

Find various points of 𝑟𝝈 within 
−𝜋 ≤ 𝜃 ≤ +𝜋

That gives yield locus with 𝜙 = 1



Hill, von Mises yield surfaces (cheat sheet)



Comparing von Mises and Hill 48

• Hill 48 with F,G,H=0.5,L,M,N=1.5 reduces to 
von Mises

ϕ)*+ =
1
2 𝜎"" − 𝜎&& " +

1
2 𝜎&& − 𝜎%% " +

1
2 𝜎%% − 𝜎"" " + 𝜎"&" + 𝜎&%" + 𝜎%""

%
"

σ%% − σ"" " + σ"" − σ&& " + σ&& − σ%% " + 6 σ%"" + σ"&" + σ%&"

2
= ϕ#$



Hill, von Mises yield surfaces with 
arbitrary size of yield surface

σ%%

σ""

𝜃

𝑡𝝈 = (𝑡𝜎%%, 𝑡𝜎"")

𝑟𝝈 = (𝑟𝜎%%, 𝑟𝜎"") → 𝜙 = 𝑓 𝑟𝝈 = 1

→ 𝑓(𝑡𝝈) = 5𝜙

Find various points of 𝑟𝝈 within 
−𝜋 ≤ 𝜃 ≤ +𝜋

That gives yield locus with 𝜙 = 1

Can you obtain stress coordinates that 
satisfy a new yield surface of 𝜙,-. = 3?

From 𝜙 = 𝑓 𝑟𝝈 = 1
𝜙,-. = 𝜙×3 = 3𝑓 𝑟𝝈 = 𝑓 3×𝑟𝝈



Comparing von Mises and Hill 48
F=0.7, G=0.4, H=0.3,
L=M=N=1.5

F=0.5, G=0.5, H=0.5,
L=M=N=1.5





Derivative of yield function 
(analytical solution)
• Derivatives of yield function plays an important 

role in theory of plasticity

𝜕ϕ!"

𝜕𝜎#$
?

σ%% − σ"" " + σ"" − σ&& " + σ&& − σ%% " + 6 σ%"" + σ"&" + σ%&"

2 = ϕ#$

Analytical solution can be estimated by taking derivatives by yourself.

EX.
𝜕ϕ#$

𝜕𝜎%%
=
1
2
𝜙/0 1%" ×

1
2
2𝜎%% − 2𝜎"" + 2𝜎%% − 2𝜎&&



Derivative of yield function 
(finite difference)
• Definition of partial derivatives

𝜕ϕ!"

𝜕𝜎#$
= lim

%&!"→(

𝜙)* 𝜎#$ + Δ𝜎#$ − 𝜙)* 𝜎#$
Δ𝜎#$

This above can be approximated by finite difference when the difference in 
the relevant stress component is sufficiently small.

)*!"

)+#$
≈

,%& +#$-.+#$ /,%& +#$
.+#$

Provided that Δ𝜎01 is sufficiently small



Numerical derivative of yield function 
(cheat sheet)


