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q앞서우리는평면벽이나원통형벽을통해 1차원적인열전도 (즉, 단
한방향으로의열전도)만을고려하였다.

q더욱복잡한형상이나, 다차원적열경계조건에서는일반적열전도방정식을
사용하여열전도현상을설명해야한다.

5/19/19 이동현상, 정영웅@창원대신소재공학부 2

일반(다차원적) 열전도방정식



q따라서, 열흐름 (heat flux) 𝑞는벡터로표현되며, 3차원공간에서벡터 𝒒는세
성분으로이루어진다: �⃗�$, �⃗�&, �⃗�'
q3차원공간의일반적열흐름문제를설명하기위해서는 Fourier 법칙을다음과
같이표현하여야한다.
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등방성재료의열전도도

�⃗�$ = −𝑘𝐴$
𝑑𝑇
𝑑𝑥

𝒒′ = −0𝒌 ⋅ 𝛁𝑇
𝛁𝑇: Temperature 

Gradient
0𝒌: 열전도도 tensor

�⃗�56 = −7𝑘58∇8𝑇

�⃗�$6 = −7𝑘$$∇$𝑇 − 7𝑘$&∇&𝑇 − 7𝑘$'∇'𝑇

�⃗�&6 = −7𝑘&$∇$𝑇 − 7𝑘&&∇&𝑇 − 7𝑘&'∇'𝑇

�⃗�'6 = −7𝑘'$∇$𝑇 − 7𝑘'&∇&𝑇 − 7𝑘''∇'𝑇

�⃗�$6 = −7𝑘$$∇$𝑇

�⃗�&6 = −7𝑘&&∇&𝑇

�⃗�'6 = −7𝑘''∇'𝑇

�⃗�$6 = −𝑘∇$𝑇

�⃗�&6 = −𝑘∇&𝑇

�⃗�'6 = −𝑘∇'𝑇

열전도도가
등방성을가질때.Let’s assume 7𝑘58 = 0 if 𝑖 ≠ 𝑗
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열에너지수지
�⃗�$6 = −𝑘∇$𝑇

�⃗�&6 = −𝑘∇&𝑇

�⃗�'6 = −𝑘∇'𝑇 𝑥

𝑦

𝑧

𝑞$6 = −𝑘
𝜕𝑇
𝜕𝑥 𝑞&6 = −𝑘

𝜕𝑇
𝜕𝑦

𝑞'6 = −𝑘
𝜕𝑇
𝜕𝑧

들어온열
𝑡

−
나간열

𝑡
+

발생한열
𝑡

=시간당열에너지변화

Δ𝑥Δ𝑧

Δ𝑦

𝑞$6 D
$
− 𝑞$6 D

$EF$
Δ𝑦Δ𝑧 + 𝑞&6 D

&
− 𝑞&6 D

&EF&
Δ𝑥Δ𝑧

+ 𝑞'6 D
'
− 𝑞'6 D

'EF'
Δ𝑥Δ𝑦 + �̇� ⋅ Δ𝑥Δ𝑦Δ𝑧 = 𝜌𝐶J K

𝜕𝑇
𝜕𝑡
Δ𝑥Δ𝑦Δ𝑧

발생한열/𝑡 = �̇�Δ𝑉 = �̇� ⋅ Δ𝑥Δ𝑦Δ𝑧

열에너지변화/𝑡 =부피내재료의엔탈피변화/𝑡 =
𝜕𝐻
𝜕𝑡
Δ𝑥Δ𝑦Δ𝑧 = 𝜌𝐶J K

𝜕𝑇
𝜕𝑡
Δ𝑥Δ𝑦Δ𝑧

𝑞$6 |$ − 𝑞$6 |$EF$
Δ𝑥

+
𝑞&6 |& − 𝑞&6 |&EF&

Δ𝑦
+

𝑞'6 |' − 𝑞'6 |'EF'
Δ𝑧

+ �̇� = 𝜌𝐶J K
𝜕𝑇
𝜕𝑡

−
𝜕𝑞$6

𝜕𝑥
+
𝜕𝑞&6

𝜕𝑦
+
𝜕𝑞'6

𝜕𝑧
+ �̇� = 𝜌𝐶J K

𝜕𝑇
𝜕𝑡

−𝑘
𝜕P𝑇
𝜕𝑥P

+
𝜕P𝑇
𝜕𝑦P

+
𝜕P𝑇
𝜕𝑧P

+ �̇� = 𝜌𝐶J K
𝜕𝑇
𝜕𝑡
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열전도방정식

−𝑘
𝜕P𝑇
𝜕𝑥P +

𝜕P𝑇
𝜕𝑦P +

𝜕P𝑇
𝜕𝑧P + �̇� = 𝜌𝐶J K

𝜕𝑇
𝜕𝑡

−𝑘
𝜕P𝑇
𝜕𝑥P

+
𝜕P𝑇
𝜕𝑦P

+
𝜕P𝑇
𝜕𝑧P

+ �̇� = 0

Steady-state QR
QS
= 0

−𝑘
𝜕P𝑇
𝜕𝑥P

+
𝜕P𝑇
𝜕𝑦P

+
𝜕P𝑇
𝜕𝑧P

= 0 →
𝜕P𝑇
𝜕𝑥P

+
𝜕P𝑇
𝜕𝑦P

+
𝜕P𝑇
𝜕𝑧P

= 0

No heat-generation �̇� = 0

𝜕P𝑇
𝜕𝑥P +

𝜕P𝑇
𝜕𝑦P +

𝜕P𝑇
𝜕𝑧P = 0 Laplacian: Divergence of Gradient: ∑5

QVW
Q$X

V

정상상태의수학적표현방법에널리쓰임
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Laplace equation
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2차원정상상태의열전도
𝜕P𝑇
𝜕𝑥P +

𝜕P𝑇
𝜕𝑦P +

𝜕P𝑇
𝜕𝑧P = 0

𝜕P𝑇
𝜕𝑥P +

𝜕P𝑇
𝜕𝑦P = 0

(𝑥, 𝑦) 2차원공간
온도분포 𝑇(𝑥, 𝑦)및
온도구배 QR

Q$
, QR
Q&

?

적절한열경계조건 (boundary condition)과적분을통해구할수있겠다.

𝑇 𝑥, 𝑦 =
4𝑇]
𝜋
_
`

a
1
𝑛
sinh(𝑛𝜋𝑦/𝐿)
sinh(𝑛𝜋)

sin
𝑛𝜋𝑥
𝐿

왼편에보시다시피, 이러한방법은
매우까다롭거나, 어렵다…

이런경우, 해를근사적으로구할수있는유한
차분법 (Finite difference method)이유용하다.
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유한차분법

𝜕𝑇
𝜕𝑥 = lim

F$→]

Δ𝑇
Δ𝑥

𝜕𝑇
𝜕𝑥

≈
𝑇 𝑥 + Δ𝑥 − 𝑇 𝑥

Δ𝑥

미분 1st order 차분

𝜕P𝑇
𝜕𝑥P

≈
𝑇 𝑥 + Δ𝑥 − 2𝑇 𝑥 + 𝑇(𝑥 − Δ𝑥)

Δ𝑥 P

열구조물을유한한
크기(Δ𝑥, Δ𝑦)의

grid로세분한다.

각교차점에서의
온도T를구하는것이

목표.

2차원구조체를 X축방향과
Y축방향으로각각분할하여

𝑇(𝑥, 𝑦)를불연속적인유한한크기의
요소 (예를들어 𝑇Kmn,`, 𝑇K,`, 𝑇KEn,`
로표기된온도분포) 에서찾아보는

방법.

2nd order 차분
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도출해보자
각교차점에서의온도T를

구하는것이목표.

각교차점의온도를 𝑇K,`의
𝑇KEn,` 등으로표기가능.

(𝑚 + n
P
, 𝑛)에서 x 방향으로의온도구배는?

𝜕𝑇
𝜕𝑥
D
(KEnP,`)

≈
𝑇KEn,` − 𝑇K,`

Δ𝑥

Δ𝑥

𝜕𝑇
𝜕𝑥
D
(KmnP,`)

≈
𝑇K,` − 𝑇Kmn,`

Δ𝑥

𝜕P𝑇
𝜕𝑥P

D
(K,`)

≈

𝜕𝑇
𝜕𝑥 |(KEnP,`)

− 𝜕𝑇𝜕𝑥 |(KmnP,`)
Δ𝑥

𝜕P𝑇
𝜕𝑥P

D
(K,`)

≈
𝑇KEn,` − 𝑇K,`

Δ𝑥 −
𝑇K,` − 𝑇Kmn,`

Δ𝑥
Δ𝑥

→
𝑇KEn,` − 𝑇K,` − 𝑇K,` − 𝑇Kmn,`

Δ𝑥 P

𝜕P𝑇
𝜕𝑥P

D
(K,`)

≈
𝑇KEn,` − 2𝑇K,` + 𝑇Kmn,`

Δ𝑥 P

𝜕P𝑇
𝜕𝑦P

D
(K,`)

≈
𝑇K,`En − 2𝑇K,` + 𝑇K,`mn

Δ𝑦 P

𝜕P𝑇
𝜕𝑥P

≈
𝑇 𝑥 + Δ𝑥 − 2𝑇 𝑥 + 𝑇(𝑥 − Δ𝑥)

Δ𝑥 P
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검증
𝜕P𝑇
𝜕𝑥P

D
(K,`)

≈
𝑇KEn,` − 2𝑇K,` + 𝑇Kmn,`

Δ𝑥 P

𝜕P𝑇
𝜕𝑦P

D
(K,`)

≈
𝑇K,`En − 2𝑇K,` + 𝑇K,`mn

Δ𝑦 P

𝜕P𝑇
𝜕𝑥P +

𝜕P𝑇
𝜕𝑦P = 0

(𝑥, 𝑦) 2차원공간에서의
정상상태열전도방정식에

대입

𝑇KEn,` − 2𝑇K,` + 𝑇Kmn,`
Δ𝑥 P +

𝑇K,`En − 2𝑇K,` + 𝑇K,`mn
Δ𝑦 P = 0

𝑇KEn,` − 2𝑇K,` + 𝑇Kmn,` + 𝑇K,`En − 2𝑇K,` + 𝑇K,`mn = 0
Δ𝑥 = Δ𝑦의정사각형
요소를사용한다면

𝑇KEn,` − 4𝑇K,` + 𝑇Kmn,` + 𝑇K,`En + 𝑇K,`mn = 0

𝑇KEn,` + 𝑇Kmn,` + 𝑇K,`En + 𝑇K,`mn = 4𝑇K,`

𝑇K,` =
𝑇KEn,` + 𝑇Kmn,` + 𝑇K,`En + 𝑇K,`mn

4

𝜕P𝑇
𝜕𝑥P

≈
𝑇 𝑥 + Δ𝑥 − 2𝑇 𝑥 + 𝑇(𝑥 − Δ𝑥)

Δ𝑥 P
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유한차분법검증
𝑇K,` =

𝑇KEn,` + 𝑇Kmn,` + 𝑇K,`En + 𝑇K,`mn
4

(m,n)을중심으로하는노란요소안으로주위에서유입되는
열량과요소내발생하는열량의합이 zero  ∵ Steady-state!

𝑞 Kmn,` →(K,`) = −𝑘 ⋅ 𝐴 ⋅
𝜕𝑇
𝜕𝑥

≈ −𝑘 ⋅ Δ𝑦Δ𝑧 ⋅
𝑇(K,`) − 𝑇(Kmn,`)

Δ𝑥

𝑞 K,` → KEn,` ≈ −𝑘 ⋅ Δ𝑦Δ𝑧 ⋅
𝑇(KEn,`) − 𝑇(K,`)

Δ𝑥

𝑞 K,`mn →(K,`) ≈ −𝑘 ⋅ Δ𝑥Δ𝑧 ⋅
𝑇(K,`) − 𝑇(K,`mn)

Δ𝑦

𝑞 K,` → K,`En ≈ −𝑘 ⋅ Δ𝑥Δ𝑧 ⋅
𝑇(K,`En) − 𝑇(K,`)

Δ𝑦

요소내발생하는열량의합: �̇�Δ𝑥Δ𝑦Δ𝑧

−𝑘 ⋅ Δ𝑦Δ𝑧 ⋅
𝑇 K,` − 𝑇 Kmn,`

Δ𝑥
− 𝑘 ⋅ Δ𝑥Δ𝑧 ⋅

𝑇 K,` − 𝑇 K,`mn

Δ𝑦

− −𝑘 ⋅ Δ𝑦Δ𝑧 ⋅
𝑇 KEn,` − 𝑇 K,`

Δ𝑥
− 𝑘 ⋅ Δ𝑥Δ𝑧 ⋅

𝑇 K,`En − 𝑇 K,`

Δ𝑦
+�̇�Δ𝑥Δ𝑦Δ𝑧 = 0

𝑇 Kmn,` + 𝑇 K,`mn + 𝑇KEn,` + 𝑇 K,`En

+
�̇�Δ𝑥Δ𝑦
𝑘 − 4𝑇K,` = 0

With Δ𝑥 = Δ𝑦



q변의길이가 L인정사각형판에서장상상태하의온도분포를계산하여라.
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예제 6.10

𝑎𝑡 𝑃𝑡. 1
300 + 500 + 𝑇P + 𝑇v = 4𝑇n

𝑎𝑡 𝑃𝑡. 2
300 + Tn + 𝑇x + 𝑇y = 4𝑇P

𝑎𝑡 𝑃𝑡. 3
300 + 500 + 𝑇P + 𝑇z = 4𝑇x

𝑎𝑡 𝑃𝑡. 4
500 + 𝑇n + 𝑇n + 𝑇y = 4𝑇v

𝑎𝑡 𝑃𝑡. 5
𝑇P + 𝑇P + 𝑇v + 𝑇z = 4𝑇y

𝑎𝑡 𝑃𝑡. 6
300 + 𝑇x + 𝑇x + 𝑇y = 4𝑇z

𝑎𝑡 𝑃𝑡. 1
−4𝑇n + 𝑇P + 𝑇v = −800

𝑎𝑡 𝑃𝑡. 2
Tn − 4𝑇P + 𝑇x + 𝑇y = −300

𝑎𝑡 𝑃𝑡. 3
𝑇P − 4𝑇x + 𝑇z = −800

𝑎𝑡 𝑃𝑡. 4
2𝑇n − 4𝑇v − 𝑇y = −500

𝑎𝑡 𝑃𝑡. 5
2𝑇P + 𝑇v − 4𝑇y + 𝑇z = 0

𝑎𝑡 𝑃𝑡. 6
2𝑇x + 𝑇y − 4𝑇z = −300

𝑎𝑇n + 𝑏𝑇P + 𝑐𝑇x + 𝑑𝑇v +
𝑒𝑇y + 𝑓𝑇z = 𝑔

형태로통합하면…

−4 1 0 1 0 0
1 −4 1 0 1 0
0 1 −4 0 0 1
2 0 0 −4 −1 0
0 2 0 1 −4 1
0 0 2 0 1 −4

=

−800
−300
−800
−500
0

−300

𝑇n
𝑇P
𝑇x
𝑇v
𝑇y
𝑇z

=

−4
1
0
2
0
0

1
−4
1
0
2
0

0
1
−4
0
0
2

1
0
0
−4
1
0

0
1
0
−1
−4
1

0
0
1
0
1
−4

mn −800
−300
−800
−500
0

−300



5/19/19 이동현상, 정영웅@창원대신소재공학부 13

𝑇n 𝑇P

𝑇x 200°C100°C

120°C

130°C 150°C

210°C

250°C

90°C 110°C


