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Mathematical Prerequisites

a
> Differential equations (O] 2 & Al)
>
>
>
>
a
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Differential Equation (0| =2

OWhat is differential equation (0| =854 4l)?
>D|X| Ol(unknown) & —’FQf ot=9O| = 2k==(derivative) £ O|

R R — S e smevesais
dy _ y Unknown function y(x) 2| y(x)
dx derivativeZ} x
dy Unknown function ©
ay _ y(x) 2 _ Ce*
dx 7 derivative 7} y y(x) = Ce
— S ‘__---.---III'T:;:;::;:
yy' +x=0 Some complex differential equation y(x)*+x*=C
m— __—__~

dy
%k o, — 22X
y dx
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https://en.wikipedia.org/wiki/Differential_equation

ODE and PDE

[JOrdinary Differential IJJODE example
Equation (& 0| & B8 4]) > _
du dt
r— = kx
dx

|-JWhat's the general solution of the above?

|-IPartial Differential Equation >x(t) = cet c: arbitrary constant
(0|2 SR A

>u(x, t) = F(x)et

>Waveeguation |-IPDE example:
)
» Laplace (1780s) >a—l: =u (udependsonx andt)
“* Mechanical equilibrium .
2 Thermal equilibrium [JWhat’s the general solution of the above?

>Heat equation (Fourier 1800s)| | »u(x,t) = F(x)e*  (F(x): arbitrary function)
» Transport equation
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Fxample: A& A £ 22 0|5 A

ol ‘®

.,. 'O rreh Mg c—,qu,le a—+ a
A)
ot @

7 (’D\/\%Jﬁ'/\-\ MW
LT (L /

\Vg}) Ol 2| 20| AT|E 72t 2 Oh=
PR A2 % (velocity). BHSF % 7t
cos functionO|2}H = 0| =

LD 2B




Application of differentia
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ion? (Ex1)

https://en.wikipedia.org/wiki/Differential_equation
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>
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\<t2

2|8

v, 7t A ZH0]| 2| F(dependent)ot=7}?

v,(att =0) =0
! Tdv,
v(att=T) =v,(att =0)+ =0+ = Edt
0 0
MOl t=0 O t=TE S E=
SOF ool ket & & e

SEIISE g7t AZHO|
O|Z(dependent)St=7}?
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Application of differential equation? (Ex2-1)

https://en.wikipedia.org/wiki/Differential_equation R (OAHdEoh 7P &E:

- - SO X 0| et CH 7| o] Xk FA|
=0 He| = YN =HEdehe = SIS EE YA A2
st 10 [m/s]1HEE 5= RS I, 2|9 &9 £7] &0|= d=2| %0[2t
NZHT7HR| 2 @ 0] B9 9K &2 S8

dX dY
Uy =— VU, =—
*odt Y dt
yZt AlZH0| 2| = (dependent)St=7F?
y(att=0)=0

Al

T Tdy
y(att=T) =y(att=0) =0+Ji=f—dt
by) =0+ ) @y) = | 5
2
T
0

A|ZH0] t=0 Of| M t=TZ
=
T
0

= &2t #Halot
v, 7t A ZH0| 2| & (dependent)St=7t?

T 1
vy, (t)dt =j gtdt=§gT2
0
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Application of differential equation? (Ex2-2)

https://en.wikipedia.org/wiki/Differential_equation

1 »ﬂ

e

d8deh 78 s:
S| S YOl tieh Ci7[o K FA
SHSEEE @EH HE
&9 7| %0|= A=29| 0|2t
S 2o HE

=0|He| H= SHUM =HxHEHS 2
HEeH10 [misIBHEE 52 HAZ I, 199
AZET7F KL = @ 2] 52| X[ =?
axX dY
UV, =— VU, = —
X dt Yoo dt

& 1
y(t) :f gtdt = =gT?*
0 2

x7F AlZtOf| 2| = (dependent)St=7t?

x(t=T)=x(t:0)+=x(t=0)+f0+fT@t
0 0

v, /b A ZEO|| T2
o=
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Analytic solution of (Ex1)

https://en.wikipedia.org/wiki/Differential_equation
=0 He HZE 2 UM =H B =
Ojldgt 10 [m/s1S = 58 HAS I, 829
NZHT7HR| L & @0 5 5 = (1, v, ) =2
(SHFAZES O K| &0 EEH X etCr 7H)

100 A

v, (t) = 10 [m/s]
v, (t) = gt

25 4

Velocity [m/sec]
S

00 25 50 75 100
Time [sec]
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Analytic solution of (Ex2)

https://en.wikipedia.org/wiki/DifferentiaI_equation

=0/ He| HE Y0 =HxEeh
OftE Bt 10 [m/s] S =2 32 BRSO, 0|0|0|
MNZHT7b R 2 @9 9| 9|K|&?
dX
Vy = — V., =
X o dt Y
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dY

dt

R O’ 71E =
S| 22 Y0 Chet CH7| 2| Xt FA|
SEHISE= 7E5HA &E
SO 27| &0|= =2 =0|2t
SYUSHA B E
-g 20 T - X(t)
4 — y(t)
£
B 10 N
‘O
o
()]
> 0 -
0.0 0.5 1.0 1.5 2.0

Time [sec]




Numerical method to solve ODE (Euler method)

IThere are many of them. My examples in what follows are limited to Forward Euler method
applied for integration.

= O O 1 AA
d
Y = fty)
S A|ZHO| S22 FUBIH At | ALO|X 2 LE=0f MZHe| & 01 T A|ZH EHA| (time step) O A1 ]
AlZHe 17 CHA| (o)t CHE It 22 |2 LiEHE: &= UCH

o, Ayi
« A—til = f(tiyi)

< Yn+1 = Yn T Ayn =y + At f(tn:yn)

https://en.wikipedia.org/wiki/Euler_method

https://ko.wikipedia.org/wiki/2 & 2{ B
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Fxample: A& A £ 22 0|5 A
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\ng) 0]2{£0| AL E 7 2t2 Of=
Z‘J%% (velocity). THt % 7t

S cos functionO|2}H = 0| S
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Numerical solution? (Ex2)

=0|He| A= SN =HxEhe
Ot 10 [m/s]1HEE S= SRS M, C"OIOI
A2 10271 K| = S|y fIX[=?

<

dy
. =W dy =v,(t)-dt Ay =v,(¢t) - At

Let’'ssayAt =1andty, =0

Yn+1 = Yn + 0y ()AL =y, + gt At
the1 = tn, + At

Analytic solution (True solution)

400 =@~ Numerical solution with At=0.5
= 300 A
> 200 -
100 A

0 -—

0.0 2.5 5.0 7.5 10.0
time [sec]
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Ergireerirg Numerical approach + Computer
. 4ol g
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Simple programming using Python

t=0.

y_nu=0.

dt=1

ts=[1]

ys=[1]

while (t<10):
y_nu=y_nu+9.8*dt*t
#plot(t,y nu, 'ok')
t=t+dt
ts.append(t)
ys.append(y_nu)

t=np.linspace(0,10)

ax=gca()

ax.plot(t,y(t),label="'Analytic solution (True solution)',c='orange',lw=3)

ax.plot(ts,ys, 'k-o',label=r'Numerical solution with $\Delta t$=%2.1f'%dt,alpha=0.5,zorder=-1)
ax.set_xlabel(r'time [sec]')

ax.set_ylabel(r'y(t)")

ax.legend()

<matplotlib.legend.Legend at 0x10cbdfad0>

00 1= Analytic solution (True solution)
~&~ Numerical solution with At=1.0
400 4
300
=
200

100 A

O 7| A AtE =l =2 2 ipython notebookO|2f 11
. =LC|= open source i 7| X| L|Ct =t ot
T et Y googleOf| M BHOLEN| Q.
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Advanced example

= - - \
dy Unknown function o
G y(x) 2 — Ce*
dx 7 derivative 7} y y(x) = Ce
SIAO| BIA K 5
27| Zy=0) =19 oo ye) B A= of
zAo| FojFick,, Y TC
PRSI by I ZH: yx=0)=1 Q: x7F 48 M y=2? 5, y(4)?
Let’s solve it with Ax =1 X, =0 My, =1

(assuming Ax = 1 is sufficiently small)
X1 =Xg+Ax =1 y,=1x2 =72

Xp41 = Xp + Ax

x2=2
Yn+1 = Yn @ = Yn + ynlx

Ax= 0.12 73T,
OECHH Ay 2

X, = 4 y, = 8x2 =16

Ay = yAx Yn+1 = Yn + YnXAx Yn+1 = Yn(1 + Ax)
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Advanced example

- — _ —
dy Unknown function ©
@ _ y(x) 2 — Ce*
dx 7 derivative 7} y y(x) = Ce
SIAO| SHMA &
7| ZA: y(x=0)=1 l (x) = e* y(x) & =0 S{{ A X 5
20| =0 ZICHE... A
=X|H 2 T 2 y(x=0)=1 Q:x7t4L [} y=?=,y(4)? 54.65277549135438

Lsgt’s try to various Ax values

n X y
0 0.00 1.00
40 - 1 1.00 2.00
2 2.00 4.00
20 - 3 3.00 8.00
4 4.00 16.00
0 i’”’—f’ﬂ;’f////A
0 1 2 3 4 [n x v
0 0.00 1.00
1 0.50 1.50
2 1.00 2.25
3 1.50 3.38
4 2.00 5.06
5 2.50 7.59
6 3.00 11.39
7 3
8 4.
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.97
.98
.99
.00

R e

50.
51.
51.
52.
52.
53.

.00
.01
.02
.03
.04
.05

93
44
95
47
99
52

&0
70 1 o
]
40 | 60 1 O o
50 1 m]
20 1 g40‘ O
[
£ 30
0 T T 1 e
0 2 3 n{ P
3993 3.993 54.109 107
3994 3.994 54.163 010 : : : :
3995 3.995 54.218 000 025 050 075 100
3996 3.996 54.272 A
3997 3.997 54.326
3998 3.998 54.380
3999 3.999 54.435
4000 4.000 54.489




Transport Equation

JA particular differential equation that is often applied to transport of a scalar field.

»Scalar field being..

“* Momentum

*» Temperature
+* Chemical concentration

It is applied to incompressible flow (not allowing density change)

u: unknown field variable.

du ou o
E + c (a) =0 1x|--'l;'l ThUS, u = U,(X, Y, Z, t)

du (au Jdu au) _0 S kHS

at T \ox Ty T oz

In physics, a field is a physical quantity,
represented by a number or tensor, that
has a value for each point in space-time.
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https://en.wikipedia.org/wiki/Quantity
https://en.wikipedia.org/wiki/Tensor
https://en.wikipedia.org/wiki/Point_(geometry)

Heat equation

- —a +

dT 02T+62T 0°T\
dt dx2  0y?  0z%2)

Solution to the above is temperature distribution
and its changes (evolution) with respect to time (t).
T(x,y,z,t)

(Lecture 4, SO M = M AMSHA| CHE 0| 8
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A zo HA S AHSI=H U 7t 7| 2™ o 2 MO|&= EE|H2
= HAE (true strain) e = Lt} Z£0| 22 2| 20| 1 §f 2|2t Oj ”é‘,' IO| =X EHE

DA Hi -2 Euler method=S AFESHA], Z0] [0] 10 mm KAl 16 mm 2 B2 I} O|0f S| & St=
2o 2N M 5 2

gl
e

ok
M
M
fjo

r

» 27|19 ZIHAEE (5 20 10] 10 [mm] €M 2| £€X)= 00| L.

> Al 3mm, 2 mm, 1 mm=z HEH0| 2t Z2tX| = 440 CHSH & o 2 Of 2}
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