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Recap

Measurement of force and displacement from tension tests

Physical quantity to remove the effect of geometry: engineering stress/engineering
strain

Two types of stress (strain):
Normal (tension +, or compression -)
Shear (forward +, backward -)

There are three independent planes in 3D; On each plane 1 normal + 2 shears.

Thus nine independent components comprise the stress (strain) state.

Coordinate transformation (axes transformation)
Coordinate transformation does not change the physical quantity (stress, strain)

Coordinate transformation changes the values of components and the directions of planes
associated with the stress (or strain).

Practice coordinate transformation using the Excel, Fortran code, Python code.



Symmetries in stress/strain tensors

HYE HAMel 7 =il 2 F2lo|2l5 symmetryS 7HEIC}.

glj = Sjl
1
fij =5 (dij + dji)
1
gji = 5 (dji + dij)
1
wij =5 (dij — dji)

S 3 HAMO| A2 force equilibrium Z710f| 2|5} symmetryS 7} &I L.

_O-]l

012 013 012 013
o = 021 022 Oz3| = 012 022 0323

032 033



N
—
)
(D
Wn
Wn
—+
(D
D
Wn
O
D)
R
(D
O
R
(D
Wn
(D
D
—+
(D
Q.
S
O
—
-
(D
D)
—n
O
D)
-
n

OF M 22 Bl M 7} matrixe| SENZ ESIE| S QL) 6X| Tt 0] = 21|
H2|' 2 S| MOt -2 2 B2 0| H 0| M7IC}

SER|H Iof 2t S BIME CH2 HEN 2 B7|817| S

0l S 501 Voigt notation O £3| £2 5= Y= SEEAM BT YHOIC - 303
matrix CH Al 1x9 QEN 2 H o
011 012 013]

o = |01 032 033
031 032 033

12| symmetric tensorE 97l components 3/l & = orderg 2= = QULY.

10117 e
022 o,
o . B .
o = 022 O| 1x6 array= B3 6K} Z7HAHO| vector HEN 7 EILCT: ai
013 o
107, o




Stress Space

Stress tensor2| Z} independent 4= 0| otLto| ‘57 2 &/ dot= 57t
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Stress Space =1
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24.86° ¢, = —30.59°
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input Ioutput I
This excell sheet proves a means of coordinate em transformation
angle radian

phil -14 -0.024
Three Euler angles Phi 24.86 0.434

phi2 -30.59 -0.534

transformation matrix R (transformation matrix)At= RAt=RA-1

dEFUS
cos(phil) 1.000 sin{phi1) -0.024 0.845 -0.483 -0.214 0.845 0.528 -0.010
cos(Phi) 0.907 sin(Phi) 0.420 0.528 0.768 0.362 -0.483 0.768 -0.420
cos(phi2) 0.861 sin(phi2) -0.509 -0.010 -0.420 0.907 -0.214 0.362 0.907
2nd rank tensor in matrix form R.T RAMR.T 2nd rank tensor after coordinate transformation

30 25 11|

25 1 -9
11 -9 17

1st rank tensor (i.e., vector) in array form
1

0
0

-39.898 22.675 10.049 -46.97% 0.001
7.356 10.707 5.043 0.001 13.835
-0.218 -8.843 19.094 -0.002 0.000 21.044

R.v 1st rank tensor (vector) after coordinate transformation
| 0.849 0.528 -0.010)




More examples

100 300 30
=300 5 25
30 25 3
The principal space of the above tensor can be obtained by o --z yc‘;

¢1 = —49.5°,® = 96.23° ¢, = —0.11°

And the principal values?
-251.2,-1.2, 360.5




How did | obtain this?

An analytical method to obtain
‘principal’ values:
Find the eigenvalues and eigenvectors of
3x3 matrix form of the stress tensor

That can be done by following

1. Define a new 3x3 matrix

Aij =O-ij_16ij 61] = 1( lfl=_])
=0 (orifi #j)
-1 o
2. Solve the case of A when det(A)=0. 011 12 013
A= 071 077 — A 033
031 032 033 — A

3. That’s actually solving
13—1112—121—13 = O
Where
Iy = 011 + 02, + 033
I, = (62 + 0% + 0% — 01109y — 03,033 — 033011)
2 = 012 23 13 11022 22033 33011

_ 2 2 2

I3 = 01102,033 + 2012013023 — 011033 — 0220{3 — 033073



How did | obtain this?

Okay, we learned how to get eigenvalues. Next
question is how we can obtain eigenvectors.

Once you found the eigenvalues, you solve the
equations given by

A-v=Aijvj=O

Example:
1 -3 3
For a 2nd rank tensor B = [3 -5 3,
6 —6 4
1—-21 —3 3
det(B;; —16;;) =det| 3 -5-1 3 ‘ = -2 +121+16 =—-(1—4)(1 + 2)?
6 —6 4 — 2

det(Bl-j — /151']) = 0 : The solution of these equationsis A = 4,4 = —2 and A = —2 (repeated).

Eigen vectors can be found from
A—A)-x=0



How did | obtain this? (continued)

(A—AI)-x=0

Put the each of the three eigenvalues you obtained in the above
to obtain three eigenvectors (x(1), x(?), x(3)). You'll get

(A—4D -xMY =0 (1)
(A+2D-xP =0 (2)
(A+2D-x3 =0 (3)

For instance, solution of (1) gives
1 1
xD _Z,, D _ g x(l) D

gx3 % 3
D _ Exgl) —0— (1) xél)
Therefore, eigenvector associated with eigenvalue 4 is: x3 1 l = 1] (with any arbitrary x( )

value). You could do the same for (2) condition, which results in
1 —1
0]+ xéz)[ 1 ]
1 0

x() = x§2)




How did | obtain this? (continued)
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Principal values / principal space
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stress space £ = O] =L} — 3D spacei= 7t S| Cartesian coordinate 2 HA g =
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Application: Forming limit diagram

Uniaxial compression

Uniaxial tension

Fure shear

&>

\No

©

Major strain (g,)

Plane strain

Biaxial tension

Equi blaxial
tension

Minor strain (g,)

r|L7(H°| mlnor/major stralnE
§I-I ol.o:l EOl. _|_A‘| o2 K '6:|'c'>;|- |-
047|A‘| minor/major strains =
principal space2| strain

component= 2|0| kL,

O] & Ct7} principal space =
HAHSH E|YR=7h?

-FLD _II-I I:II-AIO-”A—I EH (|___|.C>
SCt0|E0| M A%

SK Paul et al. JSAE 48(6) p386-394, 2013



Application: Forming limit diagram
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Fig 33: Forming limit diagram oj) (a) IF steel (b) AAS754-H22 and (¢)
AAS5182-0 sheet of thickness Imm.
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Principal space= AfE2HCrH?
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rincipal space and Hooke’s [aw (1

12

A HAEZEO| 2 H| = Hooke's lawS [EH, O =7H M 2#AE 2€FoI=
O| L.

IE 0|0

~ o)
23kl M 2] stress component 2t S = 2F2FOf| A 2] strain component 710
A 7 K| A LICE O] =

o, =E¢ E HA/S-O7|AME =2

LITH X| principal space2| e, 1} e; HO| M= == HHO| LlstC} Tt
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T

A 22| = principal space| A ‘= 2F El Hooke'’s law
tensor= A2 H Hooke's lawe ...

0ij = Ejjuien B2 & = Cyjrow (A7 C=E™)
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Boundary condition

ot =ME 22822 ol| Z517| 2o A= & &S boundary condition
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St. Venant (‘A H|'d; MR E HHTE)R 2

The stresses and strains in a

body at points that are 1 ]

sufficiently remote from points of

application of load depends only

on the static resultant of the T o= £

loads and not on the distribution

section a-a section b-b section ¢~¢
of loads. .
gl

b— BEEEE b
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i% (_)u_l 7 |--6H Xl ﬁl X|:'|| O" A-I H Lines located away
£23] ZofF oA B
S HAES 15159 |
75‘,'&' 7E:|J__||'0'” D,_l' 9.|—7':—O|'_T|_, 1 Load distorts lines
6"%9' —E—-_I-T'_- O'"E —Ilj——T—ILI'-é-l'E" located near support




Plane stress condition and free surface

Plane stress condition= 5 AtA|S| 2 &ESI7| 0| & Al free surfaceS O| Sl o} 2 X}

CASE 2

Force

Fixed the two planes facing top and bottom

011 <0 0 O

O-CClSBl — 0 0 O]

Force o 0 0
0 0 0
gcasez — [0 0 0

0 O 033 >0




Plane theory (2D approximation)
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Plane stress condition

o011 012 0
Plane stress where the components associated with e basis vector are zero: [012 099 O]
0 0 O
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1}2hA, 01 & 22 matrix2 BH FH53HCE: [T 712 EX| M7 component!
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https://engineering.ucsb.edu/~hpscicom/projects/stress/introge.pdf



Plane strain condition

EH SHIENL FARHR B2

—

€11 €12 0
€12 €22 0
0 0 833

Some times, even under plane strain condition, £33 is not zero. St A|2F O| & 40| =
S H M 0| A= non-zero e5, & FAISIO = FHol 27} QULY,

https://engineering.ucsb.edu/~hpscicom/projects/stress/introge.pdf



L. O

Z0[x CHHH AQl 50| &=

= 9lg}f dx Ot= H:|§f5|
O] 2~ (infinitesimal) 2 (work)

Q.

W = F,dx

1

9| 2o Oja g2

_dw_dw _ Fx(dx) _
dw = Volume xA A \x/ GXdEX

M CHE A E Hooke’s law 0| 2|3l o, = Ee, X ez
wW = fdw = fO'XdEX = f]EEXdEX
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0 2 2
&2 OtO|C| O] & general®t HIAMO| HS5HH... }
1
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