Stress and strain:
Basic concepts
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Shear, normal components of stress (strain) state. (
HYE /)

Tensor O| S|
Coordinate transformation rules
Coordinate transformation matrix

Understand Einstein (summation) convention
Euler angles

Practice coordinate transformation to vector, 2"d rank tensor using Excel, Fortran,
Python...



Recap: mechanical property

Q) What is material property?

Q) What principle is applied when obtaining a mechanical property? — stimulus and
response.

When load is applied, the shape of metal will change. (2 0| 7}S| X| H 2 2F0| H 3}

High strength
Intrusion resistance

High ductility
Energy absorption




Mechanical stimulus/response

O ,
Force Stress
Deformation Strain n ?
Q
- °
Size-dependent Size-independent ‘
Strain €
Stress Strain .
Constitutive model;
Constitutive equation
TR A

Z2HA|: material property
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Mechanical stimulus/response + property

Stimulus = property x response (1AM HE52 EY B F)

| AH At=1t 7| AN Bhs, 2| O 59| 2 A (2hEReH O 252 BHE)
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o =Ee (0: 83 E: elastic constants (modulus), e: HAE)

Z|AA™ Ar=10F M2 Hhg, 2|0 O =92 2| (piezo electricity)
e = dE (e:strain, d: piezoelectricity constants; E: electric field)
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Tension tests

(Uniaxial) tension test: the most common mechanical
stress-strain test performed in tension (! &)

Al (specimen)2 2= 2 T} (fracture) 7} 2HA4 &t
11 A NI 2 P

Dogbone 2 2FO| A|H

Load-cell: A|HY| 7S Xl forceE &7

_ Tensile tester
Extensometer: A| 2| ZO| (elongation) H2tE 7
Reduced section EXtenSOmEter

i 60 mm i

-—-—1—-——-12.8 mm Diameter—— {——-—X-19 mm Diameter
'

l 50 mm ! Z\
Gauge length 9.5 mm Radius

Load-cell

Images from Callister, Int. MISE
http://www.epsilontech.com/products/axial-extensometer-model-3542/
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=< . :
RF = 10F P& (tension and compression)

x A —r —_  — = O
0 E 2R AZHO Ao = 20| A, 0 2 FE2signl =

Ol&= 2ot tﬂ@% positive value

=2 2uf HAEFO| negative value

CHAl Q1 == 0] &= == 0 B3l &O0|otCt.

Disk compression test is a popular
method used to measure
anisotropy of sheet metals

Fig. 4.4 Disk compression specimens for TWIP940 before (left) and after (right)

deformation. The left one is original, the right one is deformed.

Xu Le, POSTECH, Doctoral Thesis 2011
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Compare engineering strain/true strain

True Strain

Engineering Strain

http://www.continuummechanics.org/images/truestrain/true_vs_engineering.png
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Stress and strain:
Stress tensor
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Internal stress of materials in force equilibrium

gﬂ Ql
(a) LE0|Fet= 20| 2Edt= L 7|71 22| B HENO| = ALt (force equilibrium)
(b) 2fCH LHE O 2-23St= & (internal forces)= A HE 7| ol ‘7IM O =2 X2 M (&l o giaki} ~Xl
HIShH 0 = 2 0] 282t
(c) (b)2f OFEEZEX], SFX|TE H|AFSHA| XHE 774 2| B =2
(d) et &2 HAo = XHE 422
* 7tk o| HOAQ| 20| O8li7F 022 42, ol Bl 2 JAE LS| EXL SES TS
CHZIHA HO{ 2 2o AXpZEe| A2 7t 01 -37“ =l

Fundamentals of metal forming, R. H. Wagoner, Jean-Loup Chenot



Recap: Tensile stress acting on a plane

Remember that we deal with materials in force equilibrium;
meaning that internal force in any arbitrary internal plane should

‘equilibrium’ — notice the pair of bold line arrows and broken line
arrows in below to maintain the force equilibrium.

N
/\
e 4
&
4 v
Stress defined by the plane and

Q y the force

: P e

\4 \4



Recap: Compressive stress acting on a plane

N

A

~_

&

A4 : :

Stress defined by the plane and
7)) the force
\ 4
: Louis Cauchy

Only two types of stress: ~ Sufficient to define
1) Normal (2 E+=Z2 &5 any stress state

2) Shear
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stress state (& = & Eff)

Stress state consisting of nine separate components

Out of nine three are called normal components while the remaining six are shear
components)

Vector is consisting of three components in 3D space.
Example in 2D
2R BH sMES DEA M 97t sZ2E 10m/s, SFL2E 5m/s 2 0|5F 0|2t H?

Example in 3D

FOIM 7ot = O LIEtLLE? (7= X 7A 7 ER) ollS ZtEA 2 basis axes
(ba5|s vectors) =1} BT dESE 2510 £,

While the stress state is represented by nine components (which is reduced to six
truly independent ones under force equilibrium)



SHA SHIEHE O|F= 138 /4
Stress state and stress (tensor) components

Stress is defined as the force (load) applied to a certain area

The most confusing part when you learned stress in materials mechanics lecture was
that the force does not necessarily lie normal to the plane — try to accept this.

As we previously examined, we only use ‘ideal’ cases to apply for general stress states.
These ideal cases are:

The case the force direction lies on the area to which it is applied (i.e., shear) (20|
st BE I WY 39 (MEh

Another case the force direction is parallel to the normal of the area (that’s normal which
can be tensile or compressive. 20| 2f& ot HA I} =20l 4L (2=, 0%
In most cases, a stress state is a result of mixing A and B cases. To represent such a
stress state, you can just put ‘values’ on each individual components.
(= —Ne)

[ F=22] 4%, %E—". Bl = A2t B.0| 877t 2AHoH AULE. O

S = #oioHY
S M= 9ol HeSo| 7t 2aj2ke Zto @ LEEHYH It



Directions In stress

Two types of directions are involved for stress state:
1. The direction of force

2. The direction of the area (plane); which is usually represented by the normal of the
plane

These directions can be also represented by ‘values’ if you refer to them in a certain
coordinate system;

The magnitude of ‘force’ can be also ‘quantified’ (meaning can be represented by
‘values’)

F

2Kt EFE A|(x-y coordinates),
F 2t H(plane of interest),
1

|21 2! (Force)
~NF,

—JIF,




Recap.

We deal with materials in force equilibrium. Our topic is constrained to the case
under force-equilibrium

Stress state is represented by certain ’idealized’ components where only two types of
stress are possible:

Normal: tensile(+) or compression(-)

Shear: forward shear (+) and backward shear (-) (also referred to as shear ‘sense’)

Stress state requires ‘two’ directions; the directions can be mathematically
represented by ‘values’ if they are referred to a coordinate system.

Like three different components are the least number of independent components
for a vector, there should be the least possible number of components to fully
represent any stress state:

But, unlike vectors, we have two separate types of stresses (normal, shear) and also the
directions for an independent component is ‘two’ (i.e., the direction of force and the

associated plane).

How many, at least, different types of ‘components’ are required to fully describe the stress
state then? We’ll learn in over the next slides.



Invention of Cauchy stress tensor

Cauchy found that only nine different types of stress components are required to fully
describe the stress state; The stress state is represented by stress tensor.

Before learning more about stress tensor, let’s review the stress; What is stress?

You might have some fundamental concept about stress: force/area




Stress at a material point

. F S8t A7|E 71l Ho| 2#-&85t= & 0|8%t0 MYt A7|E 7T
A HO|| 2 L' SHA 2-ESt= 88 = HT; Within the area (denoted as A),

the force is homogeneous.

U3 20| ZL, S0 Y2 O| 2 FOIC} CHE kS JHX| B R E E[0f YT} 0
o Sl A, 2t & OfCho] 22 MEHS B3 T 4= 9l0joF it 0| 2 f3tX oz
=

7] ?
PR

20| ‘M 0| oF =& H(material point)0f| #&E|0] UCtD 7PH9HCH 2|1
= 0| 8%t 8 ME = H35I= &Y (85 'I:i|*‘|)E U OtE X},



Coordinate system and basis vectors

a[[H EtE AL 2710 k| = ¥2F== normal vector (5

Cartesian coordinate system% orthonormal coordinate system

M E =23t N| normal vector®2 HE240| 7= StL}

21 M| normal vector== basis vectorE oL
€2 J_El 11 7I-—| e1 e2 83 E L|-E'|-LH |-




Cauchy stress tensor

,ﬂ
, e;
g
V4
4
7/
7/
«----- —_— Lez
€1
y

The infinitesimal cube
represents the smallest
possible material point.

S8 HA= Fota REO|3HO| HE8d= dE=2
L 5 7LK| ghgkof| o &t}

1) 285t= HO| =223 (normal)

2) 2t 85= 22| B2k (normal or shear)

3K AW ZEHEA (Cartesian coordinate)O|A] & 9702 0|
7tsStEL & 97l HECeE BAHItS. SHX|TH glol HY
HEIOA= HEHO| shear HE=0| ME &2 U= 7HH0F
StCH(FE=2 0| CHEXE)., 0o 2k & e7fe '=&"& ¢l
d & (component)= Tt = A =IC.

= FOIM EA M 6712 SEHQ H&(component)= 2t
Ot oY =& F oA (material infinitesimal point)2| S
AVEf (stress state) = 2FEIS| LIEF 2= QIC}

ff 6HES 3HTIO Z2?  centro-symmetry



Cauchy stress tensor

€3
L £
€1

The infinitesimal cube
represents the smallest
possible material point.

SHHANE FotA FEO|3HO| &= HEE2
T 7R ko] o &t

1) &85t HO| =Z28SF (normal)

2) 2 83F= 2l 9| BESF (normal or shear)

3 W XHA (Cartesian coordinate)OlA] & 9712 =3O
7l'sSiCt & 971l 222 HEWIIs. StX|TH 2o EHY
HEHOA = HEHO| shear dES=0| ME2 Z2 4= 7HHOL
SICH(FE=2 0| CHEXE)., 0o 2t & 672 '=& &0l

4 & (component)= 2t = A EICH

Z FOT EHEANM 672 =EEQ H-ZE(component)=Et
OtCHH ST EF FBHA (material infinitesimal point)2| S
s

=
A Elfl(stress state) 2 25| LIEF 4= QLC}

o 6HZ 3HOAIO 22?2  centro-symmetry



2D stress tensor representation using matrix

5= [Uxx ny] _ [011 012] _ [011 T12]
Oyx Oyy 021 022 Tz21 022
Ol ®7|HS T (tau) 7| =7t
ofo 2 AR BA} T TH 2 normal stress
component 2}

720t | ?lol FF
ALt

Warning: tensor is not matrix. We just borrow the form
of matrix to write down the tensor components.

The subscript to individual component
refers to the associated basis vectors

There are cases where you cannot write down the
tensor components to matrix; Tensors can be in
multidimension — like 6, or 9.




3D stress tensor represented by matrix

2D 83 HIMO| =7

I [O11 | 012 J13]|
o= {021 022 023‘
031 | 032 033

: normal of the plane
: direction of the force

The subscript number refers to the basis axis, with which the associated direction is parallel.

Components in the same row (&, TEZS

components belonging to the same plane

=):

Components in the same column (7| &):
components whose associated force
points to the same direction



Coordinate transformation: vector in 2D space

= \H _>Force

(2

e2 —t
Force vector, F EEoF =01 7l

ZFHE A|(coordinate system)O|
QULHH MHHO| HEf = HH

Ihs
\\
(Sl
~
~ ~ - - R
~
-~
~
s Zof7 FEA Q)

F — Fi)é\]_) + erz

"
Il

Coordinate transformation is

also referred to as ‘axes
transformation’

[F1 F]

Fll FZ E _7|SO_I XI_I }__l‘El‘" (el, €- basis
vector® O|FO{ZNO| A EH =l Force
vector F2| ‘4= (component)



Coordinate transformation: vector in 2D space

« A| *Force

(2

—
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Coordinate transformation: vector in 2D space

« A| *Force

(2

Force vector AHA| Q]
= A|HO| &3}

rr o
o
It

€1

F — F]_el + erz — F — Flél + Fzéz




THH A HEZE vector in 2D space

_> Force

(2

< AH

éJ
F — Flel + F2e2 — Flél + 2é2

Force vector AFA| Q]
= A|HO|| &3]

rir o
ok
u

. (@)
Transformation= 24

basis vector{+2
A Z 2YO| 7t

2tAHE Zt basis vector
(ZtEA 2| =) 7t
angleE ETICIH?

ojufel Hel=Z
transformation, &= "form’

(FEH) 2] trans (HI )
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2] & 2K}l FFE A O] ZH =719 'Hqt ﬁliﬂ q FEA|
ZIEE Bt H? H 2 EI |5’:!-r._”dlzect|on 1
= = = eSo|Dolg Bz g
cosine=

v
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3
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s
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s
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Old co. sys.
[e1  ez]

[é1] [a11 a12]
é,| laz; az;

V'

0Old Co. Sys 2| j HM basis
vector2} new Co. Sys2] i
HMY basis vectorAtO| 2]
direction cosine

aij



3XFR ZFHA| ZHO| 2t

o EFEHIOHH CHE XA 2

X ztEA o] 2t Z7to
3K} : [ 0] 2} 52t HBP 2 A|F{Z= direction
2t E B2 H? ol S &y
cosmeeo|E HEE HHA

7

V<
Old co. sys. 4

x 2 ”

. = ozoz “w o leq a1 A2 Aq3 of i Y
T = T X1, X2, X3 THYC O |4 a a a Old Co. Sys 2| basis
ZFEA 1} 2y, 2,052 O/ 20|17 E C}2 O €2 21 M2z s @ vector2} new Co. Sys2| |
EtEA27F LIEFLEQUCE ZHEA 22| x°, basis 2 |a a a a ij

FEA2 2 e 31 32 33 EH Y ALO| Q|

- (7] 3 basis vector

vector@t EEH 12| Zt basis vectors 1t2| = direction cosine

THE ayq, azy, ay; _| direction cosine2 &
jio:{ oH[}-

Direction cosine: —|—0'| Il_l I'_?;!: H—ﬂ E‘|a9f tclsl-_éc_sh
HE{p AFO| 2| Z+0| 92tH, cos(0) 2 HO| =ILCt,



Old coordinate system New coordinate system

e, €

2

F = [10N ON] F=|?N ?N]

10N2| &l O] 2t &

New co. sys.

2X& coordinate systemZt0f| 2tA|= ot
BIekO 2 (Al A Bt akccw 7| F) 2| 12 2| T
angular rotation @ = LIEFEH == UL},

[HetA —6 2 old
Coordinate &
ccw 2| MS5HH

New Coordinate”}

=ICF,

Old co. sys.

e, e
[ e2] a1 = cos(—0) = cos 6

€] 1911 ar2 _ S
[éz] [a21 a22] a,; = cos(90° — @) =sind
a,;, = cos(90° + 0) = —sin6

a,, = cos(0)



2X&l coordinate systemﬁ01| A= ot

F, = cos6,, F, + cos0., F, = a, F, + a,,F
I:II-oI:OE(Alj:”HH:H %I:CCW7|_|_)O| '2b S| K 1 1171 12 2 1111 12172

angular rotation 2 2 LIEHH 4= QICT, Fy = c0s 031 Fy + €05 025 15 = az1 11 + aga !l
€2 ég j=1,2
2k —6 2 old Fi = a;,F, +apF, = Z ay;F
Coordinate & ;
ccw 2| XotH j=1,2
0 e New C;?Ej;natejr Fy = a3 F +ayF, = z k]
- — * j
&
Old co. sys.
. [e1  e2]
0 a a a,1 = cosf
o € 11 12 o .
S [é;] [a21 azz] a,; = cos(90° — f) = sinf
2 a;, = cos(90° + 0) = —siné
z

a,, = cos6




Fl = CoSs 911 Fl + cos 612 FZ == a11F1 + aleZ
F, = cos 05, F; + cos0,, F, = a,,F; + a,,F,

j=1,2 Fi = a1 Fy +a,Fp + a3F; = Z asF
Fy = a1 F; +aF, = z ayjF; |

]_ j=1j3]
Fy = a Fi +axF, = Z ik =
- j=1,3
F3 = a3 1 F; + azFy + azzF; = Z as;k;
j

T HEO0IX2, Y A EH 4L iz = AL L
[F2tA, 2AtM S5l 2= Al 2202




X HE HE F7|#a

2K BB 19

| —

3
Fi = ay1F; + a,F, + a3F; = z aq;jF;
j
3
Fy = ayFi + ay,F; + ay3F; = z az;kj
j
3

F3 = a3 F; + a3 F; + azsFs; = 2 as;F;
j

Transformation ‘matrix’.
[au a2 a13] A SHA Of 7| 5FH

a1 QA dzs
dz1 04z das3 transformation

tensorct 1 = X}

tensor/f OFL| X|3F

U2 O F ZUSHAIH... BF coordinate system (e;,
i=1,2,3) 0| A 7| =l HE] vector FE EE CHE
coordinate system (é;,i=1,2,3) 2L 2 Hgt

(transformatlon) St= IFOQE & coordinate system=
‘0| 0'Z= & transformation matrix [a;] £ AHESHY

Ch= 1t 7FO| =9fotg] 0| 8g == ULt

F, = a;F, (1,j=123)

Zt X2 H | A HHE | = indexOf| CH3H
‘summation’O| A4 ZFZ| AL}

gal

=5 HICH 2 Z=OFE| HiAl OE HAEl tensor

‘operation’ =
7|2 & TfsliL 0] OF BtCt,



a,, = cos 6

;

2X& coordinate systemZt0]| 2tAH| = ot

245 © 2 (A| AR BHStoew 7| ) 2] 2b 8|

angular rotation2 £ LIEM'H 2= UL},

e e2
el & (2
- [H2kM 6 2 old
[h2tA —6 EEOld ; Coordinate &
Coordinate £ R ccw 2| SHH
y R ccw 2| otH e, New Coordinate”|
\i‘e1 New Coordinate”| E|C},
=Lt
& ai1 Q121 _[cosB sinf
s @il =
Az1 Az —sinf cos @
Old co. sys.
a1 =cosf

g [e1 €] a,; = cos(90° — 8) = —sin0
2 [el] [all alZ] a,, = cos(90° + 0) = sin 6
S lé,l lazr az
2
()]
Z

|

a1
azq

—sin @

a12]
cos @

_ [cos 6
az;

~ Lsin®



TtHEMZE 2nd order HIA

Einstein summation convention
Vector2| 4 Zt componentO]| basis vector 7t OFOIAEF Ol
SfLP 4 2t F T
=S HY|E
2nd Order tensor2| B 27 2| basis vector 7t
ZEE (2ol gkt ™ |':<'>'C"é 3 3
O;jj = E E Aik Aj10k1 ( — Aik 10k
k l
ai; Qi Qg3
R=1[a;1 az; azs
dzq dzz dazz
ZtE T 2 matrix 2] HZHO| RO| transpose T
T. sHed po . . —
transpose? operation2 ... RT: transformation & & R2| transpose; (R;;)

T
RT: transformation & & R2| transpose; (Rij) =R
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Bdol110
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JJORRT
L
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PZRupT
T HKO

SR X
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rl Klof =
O R ooOf

K| €O QALY

L—

L—

Al HEY

e
o

20| Of

HIAM 2| ‘rank’Off ChEk A ZpE A S



Inner dot product

Tensor H7| & E indexOf| 24| E7|SHX| @410 bold-face symbol 2 H7|S}7| & &
O:") Ojj CH Al o=, F; CHA F 2 H 7.

Inner dot product= Zl A 2F Bl A 7t2| O 2 operationS 0| BtLIE, £ 0{3t=
A 7HO| 'Ot E index?} &I Z 0] £/ O] H{ 8 X| = (summed) &t Q1.

UM EQE B O| Xt H #H 2t (coordinate transformation)= bold-face = HH
center dOtE *f%of(ﬂ #7
F=R-FE R

F, = R;; iF; (index H7|H
2nd order tensorl| ZtHHZIZ

6=R-0-R"T
o T — — —
6ij = Rikow (R )1]- = RixouRj1 = RikRj10k1 = RjiRik0k



Double Inner dot product

Work done to an infinitesimal material point:
3 3
W =o€ = 22 0ij€ij = 011611 t 012812 + 013813 + 021621 + 0282 + 033823 + 031€31 + 03232 + 033€33

L

l
W =o:¢

Colon 7|2 2 double inner dot operation = H7|




2nd order tensor2| symmetry

Centro symmetry

A™ 0| ChsH CHA Normal stress 2|
centro symmetry

€3
L ,ez
€1
///
e
7
7/
4— —
1
1
4

Force (22 momentum) equilibrium -> Diagonal symmetry

Shear stress 2|
centro symmetry

_ T= _ 11 012 O3 11 012 013 [}2tA, & 67l 2| S 2 & 0l
6 =06 = Oj = 0jj o= [021 022 023| =012 %22 023 col-ml- O-Ir’leont7|'HZE|XH S
031 O3 033 013 023 033 P -




=g B\

E I:H71| ‘Greek’ alphabeta 7|22 ArESHY, 7| &
J-Htﬁ|01|°|

Olk|=
—v—(component) o= HE0= indexE CH7H subscript
(7t superscript) 2 I &0 LIE H‘_H':|'. type
Scalar® BEHBHE 7| S0 QI AT} GICt - KHE Ao 23 ccalar
off: & (m) 2= (p), 2&=(T)
vectorOf| = QIEIA S StL & QICH Vector
ol: £& (v;), 6.:!(fl) Ol Ztindex= 1,2,3 F M712 +dE &
(component)7t Z=A.
2nd rank tensorOl| .= 70| OlE A Z Lo|C} 2" rank tensor
o: 3= (o3 ) Z2tO| index it j&= 1,2,3 M7HQl - H &S 7HEICE,
[EW—W o7o] FAIA (3x3)0| ZTY st
3 rank tensor
3 rank tensor= A[7H 2] QIEIA & 3x3x3 27702 T EEZ 2R

4th rank tensor= |71 Q] QIEIA = 3x3x3x3, 81702 T+ MHE

Q.
ST Z8: 4th rank tensor
S = Ebd A2 (elastic modulus) EllA
HE = T2 (1x3] T2 3x1)2] B HEHE E2 2L o
I:I
Scalar= 0t rank tensor, vector= 1%t rank tensor

: Modulie modulusl| 24+d

No. of Indices (=No.

of transformation Of| A|
needed)

mass, density

1 velocity, force
2 stress, strain
3 Piezoelectric

moduli

Elastic moduli

o



Transformation rule for tensor

Follow this link:

https://youngung.github.io/tensors/




Euler angles

References:
https://en.wikipedia.org/wiki/Euler angles
https://youngung.github.io/euler/
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5 MXHR ZEA | 2A & HEoiot= B
OZI E'I I:CIJI-I:ILI % Euler angle% Al'%?ﬂ'f I:cIDI-I:ILI-I Ol MSEO'”A-I cos¢; sing; 0
XI'Z'(— &OIJ E.|'_ R% =|—sin¢,; cos¢, O]
St 3ktRl FHEO|| e, 2 (z-axis)S BI2HED Al v
HICHSFO = ¢, BFE 2|
CI2o 2 1.2 Q6| 2| ™E £EA Q| e, =2 Hi2tEH
A A BiCjEgto 2 ¢ BFE 2| ™
CI2o 2 1-2.2 QS| 2| M El X HAE CtA| e; T2
Hi2t 2 A A BIC{EISFC 2 ¢, PFE 2| T

?lel 2 M =[S 2 Fot= oLl Zta B matrixE TS S S0l T= 5 UL

Rij = RRuR]) R=R°-R°-R® R-v=[R-{R°- (R? - V)]]

Recap: Einstein
summation convention



Let’s practice #1

Follow this link

https://youngung.github.io/euler2ndtensor/

You'll find two links — one to open Google sheet another to download the sheet.

input Ioutput I
_angle
phil 45
Three Euler angles Phi 0
phi2 0
a4+ Us
cos(phil) 0.707 sin(phil) 0.707
) cos(Phi) 1.000 sin(Phi) 0.000
L cos(phi2) 1.000 sin{phi2) 0.000
)
3
H
5 2nd rank tensor in matrix form
5 1 0 0
7 0 0 0
H 0 0 0
]
) | 1st rank tensor (i.e., vector) in array form
L 1
! 0
3 0
1

This excell sheet proves a means of coordinate system transformation

radian
0.785
0.000
0.000
transformation matrix R (transformation matrix)At= RA=RA-1
0.707 0.707 0.000 1 0.707 -0.707 0.000
-0.707 0.707 0.000 0.707 0.707 0.000
0.000 0.000 1.000 0.000 0.000 1.000
R.T RAR.T 2nd rank tensor after coordinate transformation
0.707 0.000 0.000 0.500 -0.500 0.000
-0.707 0.000 0.000 -0.500 0.500 0.000
0.000 0.000 0.000 0.000 0.000 0.000
R.v 1st rank tensor (vector) after coordinate transformation
| 0.70710678 -0.7071068 of




Let’s practice #2

At the bottom of the spread sheet you'll find three separate matrices, which denote
the three sequential rotation matrices.

cos¢p; sing; O
R% = |—sin¢; cos¢, 0]

0 0 1

Below is to obtain the transformation matrix by multipliving the three sequential simpler rotation matrices.

gl g2 g3
0.707 0.707 0.000 1.000 0.000 0.000 1.000 0.000 0.000
-0.707 0.707 0.000 0.000 1.000 0.000 0.000 1.000 0.000
0.000 0.000 1.000 0.000 0.000 1.000 0.000 0.000 1.000
g3g2 g3g2gl
1.000 0.000 0.000 0.707 0.707 0.000
0.000 1.000 0.000 -0.707 0.707 0.000
0.000 0.000 1.000 0.000 0.000 1.000

Of course, these are functions of phil, Phi, phi2 values available at the top.

input Ioutput I
This excell sheet proves a means of coordinate system transformation
angle radian
phil 45| 0.785
Three Euler angles Phi 0 0.000
phi2 0 0.000
transformation mati




Let’s practice #3

Follow this link:

http://youngung.github.io/tensors/

a; = R,-jaj
I — R. .
0;; = Rixou R
zjkl R'tijanprRkoRlp

Tensor transformation rule is implemented into a Fortran code




3

Let’s practice

FORTRAN

program transform vector
implicit none

dimension r(3,3), velocity old(3), stress(3,3), velocity new(3)
real*8 r, velocity old, stress, th, velocity new
integer i,7j,k

1! the transformation matrix:
write(*,*)'Type: Rotation angle [in degree]:'
read(*,*) th

th th* 3.141592 / 180.

1! convert the degree to radian

r(:,:)=0.
r(l,1)=cos(th)
r(1l,2)=sin(th)
r(2,1)=-sin(th)
r(2,2)=cos(th)
r(3,3)=1.

1!l velocity

velocity old(1)=30.
velocity old(2)=0.
velocity old(3)=0.

1!l let's transform the velocity v'_i = r_ij v_j
do i=1,3
velocity new(i)=0.
do j=1,3
velocity new(i)=velocity new(i)+r(i,j)*velocity old(j)
enddo
enddo

1! print out the new velocity

write(*,*) 'old velocity'
write(*,'(3£5.1)') (velocity old(i),i=1,3)
write(*,*) 'new velocity'
write(*,'(3£5.1)') (velocity new(i),i=1,3)

Al

— Of2 °| formulaSs A

end program transform vector

WS 1X 3 HIA
Vi, = R1]V]

H= M,

"+ E.g.,R(3,3)is ‘real’ &, 12|11 (3,3) shape — 3x3 array
ol 24

| H 7 N
o th’ Bf= B0 userZt ZHEE QUESIH radian 422

H oSO

Transformation matrix

L 'th’ 2= BB AL 510 352 D cow 2| HA| 7| =
transformation matrixg Bt=0] H== (0 X%
Velocity old H 274

| Old coordinate systemoﬂ ExEE &0 Q= 1Kk HIA velocity_old
H=E 47 [30,0,0] array = X‘P“ *1X} HIA = WHE{C}
?| tensorE HSSI] M E 2 array0fl M &

b &}

—




Let’s take a close look at the loop

(8

do 1=1

W

do =1

enddo
enddo

1. In the above, each do-
enddo pair

DO

ENDDO

allows you to form a loop:

where integer i increases
from 1 to 3, for each of
which jincreases 1 to 3.

2. For instance, while i=1,
you repeat

DO j=1,3

ENDDO

That means do perform

v{tew — z lev](_)ld

3. If you repeat Step 2 for i=2

and i=3 as well, you actually

perform:
3

new __ old
Ui = Z RUU]

3
U |
Remember that the above
summation can be written

short:

vinew — Rl_jv]pld



f you extend that idea for 2"? order tensor?

Let’s take an inverse approach for the 2"d order tensor transformation.

We learned that the 2" rank tensor transformation is done following the below rule:
0;j = Rix0riRj1

The above can be implemented to a FORTRAN code such that

do i=1,3
do ij=1,3
s _new(i,j)=0.
do k=1,3
do 1=1,3
s new(i,j)=s new(i,j) + r(i,k)*s _old(k,1l)*r(j,1)
enddo
enddo
enddo
enddo

You might have been able to find certain rules that are applicable when you implement
the tensor transformation. Also, you might have found that the Einstein convention is very
useful particularly when your translate the formula to FORTRAN code (how intuitive!).

FORTRAN actually means ‘FORMULA TRANSLATION’



Q. Extend that idea for 4th order tensor

Within elastic region, metal follows Hooke’s law which writes as below:

0ij = Ejjri€ki

(For advanced students) Can you write a short FORTRAN DO-ENDDO loop for the
above operations?

(For very advanced students) If possible, modify the source code available in the
website and compile the code and run the code. You'll be able to find about the
elastic modulus in other textbooks. Hint: you can reduce the above equation following
Voigt’s notation.




Let’s practice

import numpy as np
velocity old=np.zeros(3)
velocity new=np.zeros(3)
r=np.zeros((3,3))
velocity old[0]=30.

th=raw_input('Type angle [in degree]: ')
th=np.pi*float(th)/180.

r(0,0]=np.cos(th)
r[(0,1)=np.sin(th)
r(1,0)=-np.sin(th)
r(1l,1)=np.cos(th)
r(2,2)=1.

## Apply v _i =r ij v_j
for i in xrange(3):
for j in xrange(3):
velocity new[i)=velocity new[i]+ \
r(i,jl*velocity old[j]

print
print
print
print

'old velocity'
velocity old
'new velocity'
velocity new

veloaty old2} velocity_new+ AFO|= 3x12] array
. R 3x3 array;

+ velocity old H==2| ZH K (0) elementi 30 & =

ol 24
H =
ot 4= YHTHT Radiandt 2= Bt

Transformation matrix
'th 2= BB AFE2510 35S T 1 cew S| ™HA| 7|2
transformation matrix= Dl_l-%(}l E-’F r | ng

%| tensorg& HEHSIH M 22 arrayOf| A&
Of2H 2| formulaE A AlSHY] 1K ™3 EHIA| H=t
° Vi = RUV]

L_ o




Tensor and coordinate transformation

Tensor is a method to represent physical quantity (and also some material
properties).

Physical quantities and material properties should remain the same (invariable) even
if you apply any arbitrary coordinate transformation.

But when you change the coordinate system, the values pertaining to individual
components change; That does not mean that the tensor changes; Remember that
when the coordinate system changes, the basis vector (direction) changes. The
changes in value and direction together make the tensor ‘invariable’ to the coordinate
transformation.

Yet the values of component that are changing w.r.t. coordinate system are required.
One should learn how to apply the coordinate transformation to tensor.



Example: pure shear

Pure shear is a term referring to a stress (or strain) state where only shear
components are non-zero.

€
1 0 O Q: | found the left stress state is | o
0O -1 0 simple shear. Anything wrong T '
0O 0 O with me? f

Let’s check by using
the spread sheet.

(transformation matrix)At= RAt=RA-1

trans
0.707

0.707 0.707 0.000 1 0.707 -0.707 0.000
0.000
1.000

0.000 -0.707 0.707 0.000 0.707 0.707
0.000 0.000 0.000 1.000 0.000 0.000

1. Put this value

1 0 0
0 -1 0 ;
0O 0 O
3. Check the new tensor component values /N & &,
2. Put phil=45 referred to the new coordinate system " /

To obtain ,‘*2\/61

4.1 wasn’t wrong. With the new coordinate, it is indeed pure shear!



Example

Elastic modulus (E) is a 4t rank tensor and correlates the stress (o) and strain (€) in

the elastic regime through

oc=LE:e

Note that the colon symbol in the above denotes the double inner dot operation such
that

0ij = Eijri€r

Q1. Express g,3 in the function of [E and € by explicitly denoting the indices of the
associated tensors; Do not contract the expression by using Einstein’s summation

convention; Do not use the summation symbol.

Q2. How many separate equations are hidden?



Where coordinate system transformation is required?

25.4 mm "‘

. — pr ) Tvves
Stretch bending test. — 5?0
The failure criterion is usually written in terms of strain T
(or stress) state referred to the coordinate that is e -
attached to the plane of the sheet metal. 1
/
|

Here, as you can see, the region of specimen that
eventually fractures, flows over the roller, during which 2
it bends and ’rotates’.

Therefore, you would want to ‘transform’ the stress
state that was once referred to the global coordinate to
the local coordinate system that ‘rotates’ together with

the material.

Material: DP780
V,=51mmisec

JH Kim et al, JP 27, 2011




Where coordinate system transformation is required?

Critical Resolved Shear Stress S P— For dislocation to slip, this max.
Atom position when : X force should be overcome.
maximum repulsive force ‘éT \

R /\ Max repulsive force is closely

§ . A /// Intere related with the CRSS
5 :/ Repulsive force Fp Max

- él 7 ? » repulsive

e -ﬁfNet force Fyy force

+ Condition for dislocation motion (= condition for plastic yielding):
If RSS reaches a certain (critical) value, the dislocation will start moving
* Ease of dislocation motion depends on crystallographic orientation with

TO- T 0 TO' respect to the external loading direction
: Trss = 0 €OS A oS ¢
|
, l B
__ —= | =0 //' 7 =0/2 11 7 =0 cos A cos ¢: Schmid'’s (orientation) factor
~ li=00° |7 ) =45° ¥ |9=90°

‘ b= 45

Dislocation slip condition (= atomic yield condition)

|
|
l l l TRss = TCRSS




Example: yield of single crystal

a) Will the single crystal yield? Trss = O COS A cos d) We learned this equation that correlates the external loading
b) If not, what stress is needed? (o) and the orientation of slip system (A, ).

Condition for
— Trss = TCRsS

dislocation to slip?

Condition 1. Tcrss Pa

Condition 2. Tggg = 0 cos A cos ¢

= 45 cos 35° cos 60° [MP3
~ 45 x0.819%0.5 MPal

Condition 1. External
load of 45 MPa

Condition 2. Slip
system characterized
by 4 = 35°% ¢ = 60°

Normal to

slip plane
Slip Check| T T
. : l RSS 132| CRSS |
direction
Adapted from
Fig. 9.7,

Callister &
Rethwisch e.

45 MPa is not sufficient enough to cause this slip
system (1 = 35°% ¢ = 60°) to slip (yield)

o =45 MPa



Transformation for CRSS
$, = 25°,® = 60° ¢, = 19°

x%,y%,z%: sample axes
x€,y¢, z°: crystal axes

Normal to
slip plane

Slip
direction

This gives the transformation matrix like:

. 0.788 0.547 0.282
o =45 MPa -0.495 0.291 0.819

0366  -0.785 0.500
0o 0 o 3.577 10.389 6.344
If you transform 0o 0 o0 You’ll get 10.389 30.173 18.424
0 0 45 6.344 18.424  11.250



Stress and strain:
Strain tensor

ST EZE (AMB2039)

SRR

ozt
40

cietm Al x5 st e

YJEONG@CHANGWON.AC.KR

AFLA. #52-208 M3} 055-213-3694

HOMEPAGE: HTTP://YOUNGUNG.GITHUB.IO




Strain tensor

0|'

Strain = 2| 22 shape changeE & NOZ HHA

(Z2 A 745163) LIEfulLt
Strain = 2| 2F L stress @F OFXF7FX| 2 2nd order tensor= LFEFHH LT

O*OE 1K Of strainF-E{ 3K R&A7EA| ™ Xt = =0|HA] strain tensorl| H2o| &

2 [l geometrical effectE *= 0 *

S 2| B2 Cauchy stress7} 0| A{ prevail. 0FX| Bt strain2| 82 HRH F+EE[=
YE=0[ =X THCL.

Strain theories are divided into two groups
Finite strain theory (not discussed in the current lecture)

Small strain theory (infinitesimal strain theory; small deformation theory; small displacement-
gradient theory and so forth..)



Strain tensor

O] 2|2 = 0|0 &




1“% strain

1A O ZEA 2 2F0| 7tst20] thelo] Fota 2 dHOHAY

Xg X + AX
MZb=t, o e, Au: 1D displacement
P at Qattg L.
¢ Ax: Initial length
0 %, X1 + AX + Au
= —_
AMeb=t €1 Patt, Qatty
— OfF A2
o € Uxtel HEE 20 AIZELHO| M 47
_ o HotEtH, Ault
1XH EHEA| (e, :basis An extendable string Ax BE OIS
vector) divided into three At 7t

different locations

70|17 TH| 20| OFF X2 F Ottt 247
straing 718 42 QUCH (M| TR HHE L)



ZXP-O.:J strain

2 (small strain)

A||7_|'=t0 (XOJYO)
P at Qatt, AlZt At O] B 2= S0t P
to =& Fo2ol 4 HoA =
u; 2F Ay
(x4 + Ax + Auy,y; + Ay + H 2| (displacement) vector 7}
AZb=t, Buy) M T
e (X1, Y1) ~Qatt
— — ~1 : - L _— _
—_— L ]
P at t]_
(0) €4
Au;: infinitesimal displacement vector
le"oli _jlc_l'.'H'.Z" (el,ezbasis AXi — (AX, Ay)
vectors) at t = t, Au; 2K A Q| N
tensor d 2| A O| tensord = ' HAE
u: - EilA 7} OfL|C
i - ’ . My O 17 OtL|Ct
—_— i = AxSo Ax;  0x
Ax; = (Ax, Ay)
att =t




2K strain

3 (small strain)

d = i Aui . Oui
by A)l(r—r}OA_X]- B 6‘_x]
duy duy du, du,
d — ) d - ) d ) - )
11 9%, 12 3%, 21 =3 ) 22 9%,
Small strain theory Of| [} =™
1o T 2 M 23S 180 25 xtojo}

M tensor d 2 strain tensor”}t
OtL|2t ot

strain2} :'.:F7:||7|' U272

Ct AEHCHH tensord =

orCt.

tensor d2| =2|& 2|0]|?

=2 50A2l Z0] ME Q|

=
oS 2ol =L

_L

S S otA S| A of
w)oll 9|8 20| #2}7}
o| B2t 20|

= O A T |

4 Ef 0| 4] ‘ofofr ZLt,
O 7| M Ax= HR™ Fota
SEI™MO| P& 2O|
=

AXI _ dijAX] = O -

A% = HP|T Foka
=250 &2 20|



2K strain

4 (small strain)

A tensor d 7} strain tensorZf
OfL| Ef... OlRULCH DL ™ tensord =
straine LIEE == S=7p2

7H4.
Tensor d O] strain tensor 2tH,
0

HHO| TYSHA| U= W
I.

component”} 00| 0] Of OfEH

51t

Tensor d ‘3=0| 00| Ot H 0| =
%‘_rLOP—T'— HAZ0| 02 7t QUL
AH AL E HfE . Rigid Body Rotation
(RBR) S &% 'IX-||7|- St=Z 7|1:=0 2
2| MSt= S Tensord A *" ._30”
OII=’7f00| Elxl 2N, ﬂﬁé 209!
B2 7 ULL

<+ Au1

AU.Z

20| H3t G
displacement ('

10| 2| 3 A7 =
_<]3_|) Aul |:||-AH

Small strain theory= 0 %l

£ Roi40| Zo|=rHEu

S dlsplacement 2 Al Of Tt
HE7ts=o| 72

ol 0f| A — _Auz
20| A tan 6 Ao

SEX|2FAX > Auy [THEFA

AUZ
tan @ =
AX1



2K strain

5 (small strain)

A tensor d 7} strain tensorZf
OfL| Ef... OlRULCH DL ™ tensord =
straine LIEE == S=7p2

=70t HAFO0| 0l B g2 7+ ULt
2l B2 += HI2 .. rigid body rotation
1|7F3F*° eSS
o= 4% Tensor d =250

7} 00| | X| X[ HHE2 09!
7t

—

o
OI%

O
4 O

4

OI-

[HetA BM d= S

= O
==

0

oo §E

1A small strain theoryOl| A= 6
2x0] Otz 2iCt O M=
tan 6 ~ 6 (A1)

ek SHE #H?] (RBR)OIA dyy 2 0 2 TALE = UL,
= HX|To2 OfL[EZ .. 20| B=7t gle
|ME de| ‘d=0] 00| Otd S £ QIC.

ORA| 4L,

Function Value

Small strain theory= 01 %l

|

==
2 displacement HMHM of 2F

£|0| M tan 6 =

Xl o5t A 0| ZIo| HCH &M

HMRIt=3to| S

AUZ
Ax+Auq

SHA|HAX > Au, [HEFA

12

0.8

0.6

0.4

0.2

Au 2
tan 6 =
Ax
A Comparison of X, sin(x) and tan(x)
T T T
X
sin(x)
| tan(x)
yek=
- O
—>

0.2 0.4 0.6 0.8

Angle in Radians




DK} strain#6 (small strain)

RBR= XA 2| %t

e

v
N

Rigid body Rigid body dq
rotation rotation+stretching
/T W
Au, Au, Ax,
tan 6 = ~ ~ 0
- an Axq +Au; Axy 0

€21 = 0
Rigid body A o
rotation A A

u u
tan 6 = : S~ 0 ey~ —0(SF)

sz + AuZ - sz




DK} strain#7 (small strain)

{\ CCW: counter-clock-wise
6u2
dy; = 9%, U CW: clock-wise

61,<0 L ccw

a4 d21 >0 g 50 QM cow -
_%<0 d12<0 921>0 - -

-
912<O -
21 5x, ~

- -
-, I:él-cC):!: -~ -
-
0 -~ - 021 — 01, _.xl_jx-” CCw
P 2 2™ Eo
- -
- - 0,1 — 0 dy; —d
P 12 Y21 — di2
- 2 2
-
- - T
- (di; —dj) ,_d-d
- Wij = > 2




2 XFA strain#8 (small strain)

(2t d tensorO| Al ccw 2| 2 M| 2| SHCHH =
0,,>0 LI cw S 2Ol

012 <O d—w 2= 2HCHH ccowl| RBRE M| 2|0t = HAHES
i< 0 CHEPS: 2= Qict
05, >0 [Ch2FA] strain tensor e= Of2| @F 20| 2| &l L.
e=d—-—w
021 — 012 > HH ccw g..=d.._M=ﬁ+@
2 | B vy 2 2 2
021 — 012  dy1 —dy d+d"
. .
> > Small strain theory 5
(4 — ) g dr Hl%'<'5|-71| strain rate tensor=
wy = GGy O gi.:1<% %) 10w dwy
2 J 7 2\0x; T ox “ =7\ ax, " ax;) 1= velocity



3K} strain#9 (small strain)

2Kt HAEC| Fo|o| 3kt =l =2
UM LCHERTE € tensor= deformation tensor (small strain theory) 2t 1 & =&
W tensori= spin tensor

€ tensor= small strain theoryQ| A{ 2] strain tensor.



Displacement and strain

Goal: Dlsplacementgf strain2| 2t A= O|
straing ‘T2 ol & = A= L =S O[5 BHCt
Blank sheet Cup

&
ok

1. 3= X EANA BEZ| 2. Translation K| A

e, . \~ e, \_-

Displacement
gradient tensor

* Translation

* Rotation
Extension (Contraction)

and shear

3. Rotation | A

Strain = The ‘symmetric’
part of displacement
gradient tensor




Displacement and strain

Displacement: §7 oF & 0| X X|5}H
position= &£ CIE position2 2 &7 =Lt

u: displacement vector

—> @

p°

u vector maps a single point P to P

u(x4, X, ): displacement vector field
maps various points to various points.

In case U field is uniform, which means that U is
the same for all points, the material only
translates in the space (no deformation).

Deformation occurs only when

u field is not uniform, which

means that U varies when
changing the locations.

Warning: there are cases that
u field is not uniform, but no
deformation occurs

(We’'ll get back to this later).



Displacement and strain

In case U(Xq,X;) is not uniform (case 1)
u(x; + Axq, X, + AXy)

Displacement vector 7}
S0 CHE

e, o1 o
‘ ZhE 2 et 52 Ao
Au

o e ZHEO Ciet e, &
i e i)
Sl sl D © x| e Zo|xl atEAo HEER u 7F 2740 w2} of E A
&t ifefc.)ti 5274 &€ decompose Ot S abx| =X
g2l =&2 7|=0 LHEHL = 2315 et
&= "ol H|oH o R (gradient)
gt o 2 HolEl 0HE : ange) _
xo|Lts WL, eEmeoe- > a0 = H71

SFAL.

d|sp|acement% 7|'I|_| El'. Au = Aulel + AuZez AX = AXlel + AXZeZ




Displacement and strain

In case U(Xq, X5, X3) is not uniform (case 1; pure stretching)

Non-uniform displacement field
does not always mean that the
material is ‘deformed’.
Non-uniform displacement field
may contain a contribution
from ‘rotation’.

In case U(Xq, X5, X3) is not uniform (case 2; pure rotation)

Therefore, if you want to
‘extract’ only the ‘deformation’,
you have to exclude ‘rotational’

contribution from the
displacement field.



Example

lo mm
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§ mmT /
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A
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ol == L0 7 = ot0f =, L B[, Z0|7F 24 ¢, we, [y 2= BH R

- SO

09.t
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ln (V_(l)) I-% €11, €22, €33 QAT _-H-_OI_:|O|-O:| El-
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Let’s check

gutpu \ \ \ \ \
This excell sheet proves a means of coordinate system transformation
angle radian
phil 45 0.785
Three Euler angles Phi 30 0.524
phi2 20 0.349
transformation matrix R (transformation matrix)At= RAt=RA-1
M Us | |
cos(phil) 0.707 sin(phi1) 0.707 0.455 0.874 0.171 0.455 -0.817 0.354
cos(Phi) 0.866 sin(Phi) 0.500 -0.817 0.334 0.470 0.874 0.334 -0.354
cos(phi2) 0.940 sin(phi2) 0.342 0.354 -0.354 0.866 0.171 0.470 0.866
2nd rank tensor in matrix form RT RM.R.T 2nd rank tensor after coordinate transformation
1 0 0 0.455 -0.874 0.342 -0.498 -0.503 O.766I
0 -1 0 -0.817 -0.334 0.940 -0.503 0.998 0.643
0 0 2 0.354 0.354 1.732 0.766 0.643 1.500|
1st rank tensor (i.e., vector) in array form R.v 1st rank tensor (vector) after coordinate transformation
1I 0.4550193 -0.8172866 0.3535534
of
0




Recap

Measurement of force and displacement from tension tests

Physical quantity to remove the effect of geometry: engineering stress/engineering
strain

Two types of stress (strain):
Normal (tension +, or compression -)
Shear (forward +, backward -)

There are three independent planes in 3D; On each plane 1 normal + 2 shears.

Thus nine independent components comprise the stress (strain) state.

Coordinate transformation (axes transformation)
Coordinate transformation does not change the physical quantity (stress, strain)

Coordinate transformation changes the values of components and the directions of planes
associated with the stress (or strain).

Practice coordinate transformation using the Excel, Fortran code, Python code.
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