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Field variables

• Scalar field
• temperature field, density field, etc.

• Vector field
• Force field …

• Tensor field
• strain field, stress field …



Displacement fields

Undeformed

Deformed at 𝑡!

𝒙"#$

𝒚"#$

𝐞!

𝐞%

𝒖(𝒙"#$, 𝑡!)

𝒖(𝒙, 𝑡%)

𝒚

Further Deformed 
𝑡%

𝒙&"##'
𝒚&"##'

𝒖(𝒙&"##', 𝑡!) 변위 Displacement: 
𝒖(변형전위치,시간)

𝒙:변형전위치벡터

𝒚:변형후위치벡터

𝒚 = 𝒙 + 𝒖(𝒙, 𝑡)

𝒚 = 𝒙 + 𝒖(𝑥!, 𝑥%, 𝑡)

𝑦! = 𝑥! + 𝑢!(𝑥!, 𝑥%, 𝑡)

𝑦% = 𝑥% + 𝑢%(𝑥!, 𝑥%, 𝑡)

𝑦! = 𝑥! + 𝑢!(𝑥!, 𝑥%, 𝑥(, 𝑡)
𝑦% = 𝑥% + 𝑢%(𝑥!, 𝑥%, 𝑥(, 𝑡)
𝑦( = 𝑥( + 𝑢((𝑥!, 𝑥%, 𝑥(, 𝑡)

𝑦! = 𝑥! + 𝑢!(𝑥", 𝑥#, 𝑥$, 𝑡)

𝐞(



Examples of homogeneous motion 

𝐿

𝐞!

𝐞%

𝐞(

𝑡

𝜆𝐿
1
𝜆
𝑡

1
𝜆
𝑤

𝑤

Volume preserving uniaxial 
extension along the 
direction parallel with 𝐞!

𝐿

𝐞!

𝐞%

𝐞(

𝐿

𝐿
𝜃

Simple shear

𝑦! = 𝑥! + 𝑢!(𝑥!, 𝑥%, 𝑥(, 𝑡)
𝑦% = 𝑥% + 𝑢%(𝑥!, 𝑥%, 𝑥(, 𝑡)
𝑦( = 𝑥( + 𝑢((𝑥!, 𝑥%, 𝑥(, 𝑡)

𝑦! = 𝜆𝑥!
𝑦% = 𝑥%/ 𝜆
𝑦( = 𝑥(/ 𝜆

𝑦! = 𝑥! + tan𝜃 𝑥%
𝑦% = 𝑥%
𝑦( = 𝑥(



General homogeneous motion 
𝑦! = 𝑎𝑥! + 𝑏𝑥" + 𝑐𝑥# + 𝑑
𝑦" = 𝑒𝑥! + 𝑓𝑥" + 𝑔𝑥# + ℎ
𝑦# = 𝑖𝑥! + 𝑗𝑥" + 𝑘𝑥# + 𝑙

𝑦! = 𝐴!!𝑥! + 𝐴!"𝑥" + 𝐴!#𝑥# + 𝑐!
𝑦" = 𝐴"!𝑥! + 𝐴""𝑥" + 𝐴"#𝑥# + 𝑐"
𝑦# = 𝐴#!𝑥! + 𝐴#"𝑥" + 𝐴##𝑥# + 𝑐#

𝑦$ =2
%

𝐴$%𝑥% + 𝑐$ 𝑦$ = 𝐴$%𝑥% + 𝑐$

𝒚 = 𝑨 ⋅ 𝒙 + 𝒄

𝒚 = 𝑨 𝒙 + [𝒄]

‘Linear’ transform



General homogeneous motion 
𝑦! = 𝑎𝑥! + 𝑏𝑥" + 𝑐𝑥# + 𝑑
𝑦" = 𝑒𝑥! + 𝑓𝑥" + 𝑔𝑥# + ℎ
𝑦# = 𝑖𝑥! + 𝑗𝑥" + 𝑘𝑥# + 𝑙

𝑦! = 𝐴!!𝑥! + 𝐴!"𝑥" + 𝐴!#𝑥# + 𝑐!
𝑦" = 𝐴"!𝑥! + 𝐴""𝑥" + 𝐴"#𝑥# + 𝑐"
𝑦# = 𝐴#!𝑥! + 𝐴#"𝑥" + 𝐴##𝑥# + 𝑐#

𝑦$ =2
%

𝐴$%𝑥% + 𝑐$ 𝑦$ = 𝐴$%𝑥% + 𝑐$

𝒚 = 𝑨 ⋅ 𝒙 + 𝒄

𝒚 = 𝑨 𝒙 + [𝒄]

‘Linear’ transform



Displacement Gradient and 
Deformation Gradient tensors

𝐹$% = 𝛿$% +
𝜕𝑢%
𝜕𝑥%

𝛿!"는 Kronecker delta 라불리며다음의
성질을따른다.
If 𝑖 = 𝑗, 𝛿!" = 1
If 𝑖 ≠ 𝑗, 𝛿!" = 0

𝒚 = 𝒙 + 𝒖(𝒙, 𝑡)
𝜕𝒚
𝜕𝒙 =

𝜕 𝒙 + 𝒖
𝜕𝒙

𝜕𝑦$
𝜕𝑥%

=
𝜕 𝑥$ + 𝑢$

𝜕𝑥%
= 𝛿𝑥$% +

𝜕𝑢$
𝜕𝑥%

= 𝐹$%



Inhomogeneous motion

𝑑𝑦 = 𝐹 ⋅ 𝑑𝑥 or 𝑑𝑦$ = 𝐹$%𝑑𝑥%

𝑑𝑦!
𝑑𝑦"
𝑑𝑦#

=
𝐹!! 𝐹!" 𝐹!#
𝐹"! 𝐹"" 𝐹"#
𝐹#! 𝐹#" 𝐹##

𝑑𝑥!
𝑑𝑥"
𝑑𝑥#

𝑑𝑦!
𝑑𝑦"
𝑑𝑦#

=
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&("

1 + &'"
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&'#
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&'#
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𝑑𝑥!
𝑑𝑥"
𝑑𝑥#



t = Δt

예제

t = 0

2 cm

2 
cm

4 cm

3 
cm d!! =

𝜕u!
𝜕x! 2차원좌표계

(𝐞!, 𝐞"basis vectors)

𝐞!o

𝐞"

한점의좌표: (x!, x")

d"" =
𝜕u"
𝜕x"

=
4 − 2
2

=
3 − 2
2

d"! =
𝜕u"
𝜕x!

= 0

d!" =
𝜕u!
𝜕x"

= 0

한물체가다음과같이어떠한운동에의해 ‘균일하게’
변형이되었다.

Displacement gradient tensor

d)* =
1 0
0 0.5

F)* = d)* + δ)*

= 1 0
0 0.5 + 1 0

0 1

= 2 0
0 1.5



t = Δt

예제

t = 0
2차원좌표계

(𝐞!, 𝐞"basis vectors)

𝐞!o

𝐞"

한점의좌표: (x!, x")한물체가다음과같이어떠한운동에의해 ‘균일하게’
변형이되었다.

d)* =
1 0
0 0.5

F)* =
2 0
0 1.5

𝒍 = 2
2

F)*l* =
2 0
0 1.5

2
2 = 4 3

4 cm

3 
cm

−2
2

F)*l* =
2 0
0 1.5

−2
2 = −4 3

F)* does not account for ‘translation’



예제

t = 0

2 cm

2 
cm

4 cm

3 
cm t = Δt

𝐹$% =
F!! F!"
F"! F"" F)*

2,0 2,0

F!! F!"
F"! F""

2
0 = 2

0 → 2 = 2F!!, 0 = 2F"!

→ F!! = 1, F"! = 0

F)* =
1 F!"
0 F""

F)*
2,2 4,2

1 F!"
0 F""

2
2 = 4

2
2 + 2F!" = 4

2F"" = 2

F)* =
1 1
0 1

Q. Can you find d)* for this deformation?



예제
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2 cm

2 
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F"! F"" F)*

2,0 2,0

F!! F!"
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→ F!! = 1, F"! = 0

F)* =
1 F!"
0 F""

F)*
2,2 4,2

1 F!"
0 F""

2
2 = 4

2
2 + 2F!" = 4

2F"" = 2

F)* =
1 1
0 1

Q. Can you find d)* for this deformation?



예제

t = 0

2 cm

2 
cm

4 
cm t = Δt

Find out the deformation gradient for the given
deformation illustrated in the left figure.



예제

t = 0

2 cm

2 
cm

4 
cm t = Δt

Find out the deformation gradient for the given
deformation illustrated in the left figure.

(2,1)

(1,2)

F!! F!"
F"! F""

2
0 = 2

1 →

F!! F!"
F"! F""

0
2 = 1

2 →

2 = 2𝐹!!
1 = 2𝐹"!

𝐹!! = 1
𝐹"! = 0.5

2 = 2𝐹""
1 = 2𝐹!"

𝐹"" = 1
𝐹!" = 0.5

1 0.5
0.5 1

2
2 = 3

3

(x,y)



Polar decomposition
§Deformation gradient can be decomposed into 
§ Stretch
§ Rotation


