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Elasticity (EF): thought experiment

Let’s conduct a thought experiment as described below

1. Suppose you are pulling down a 3. The pulling force decreases and
metallic specimen whose upper end eventually you let it go.
is ‘fixed’

2. Small load 3. Unload

1. Initial
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@08@bonds
stretch Nonlinear
0000
elasticity

return to
initial

>0

T; Elastic means !

2. You are pulling the specimen harder and
harder — meaning that the force at the lower
end increase.

Usually metals show linear-elasticity
Non-linear elasticity is observed in polymers, rubbers
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Slope = modulus
of elasticity
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Fig. 2.10a
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Flasticity Of
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Modulus of

Elasticity Shear Modulus
Metal Alloy GPa GPa Poisson’s Ratio
Aluminum 69 25 0.33
Brass 97 37 0.34
Copper 110 46 0.34
Magnesium 45 17 0.29
Nickel 207 76 0.31
Steel 207 83 0.30
Titanium 107 45 0.34
Tungsten 407 160 0.28
do)?
F=O'AO=O'(7 T (1)
Ex
v=—-2=034 (2)
€z
g —Ad _ —2.5x1073 (3)
X dy 10
X
. ’
With (2) and (3), you’ll get ¢,

Knowing [E ande, you can get the stress
o = Eg,

Using (1), you can obtain the force.



Constitutive description on elasticity

Elastic constitutive law (in tensor notation):
E:e=o0

Elastic constitutive law (in indicial notation):
[E;jx €1 = 0;; (two free index: i,j while, two non-free indices: k, )

Apply it to FORTRAN, (or Python or Excel)

-Exercise 1. [3x1] =[3x3] [3x1]

-Exercise 2. [nx1] = [nxn] [nx1]
- (hint): use [A]; = [B]; [C]j



Kronecker delta may appear in formula

a = &0 = Z Z Ex1Or1 = 2 €110 + Z €210, + z €303,
k1 1 1 1

= 11011 + €220, + €33033 = Z Ekk = Z Eii = z &n

k i l

= &1 T+ &y T €33



Linear isotropic elasticity

Elastic constitutive law (Hooke’s law):
E;jki€x = 0ij (linear elasticity)

E;jki = 460k + M(5ik5jz + 5i16jk) (isotropic elasticity; two constants A, i)

Replacing E;j; to the Hooke’s law
0ij = Eijki€rr = A6;j0pi&k + H(5ik5jl + 5il5jk)€kl
= A8;jekk + U(8i0j1€x1 + Oubiker) = Abijery + u(Sirerj + Suen)
= Aaijgkk + ,U(Eij + gji) = /15ij€kk + ZHEU



Demonstration with Excel



Examples

* In order for a material (with A = 115.384 GPa, u =
76.923 GPa) to exhibit below elastic strain, what stress
should be given?

0.002 0 0
e=| 0 —0.0006 0
0 0 —0.0006

* Hint: use ”O-ij = A6ij€kk + Z,LLEl'j”

200.000 0.000 0.000
0.000 0.000 0.000
0.000 0.000 0.000



Linear isotropic elasticity (Young, Poisson)

Elastic constitutive law (Hooke’s law):

1
&ij = 7 [0 = v(owdij — o)

* If you apply below stress to a material (with E = 200 GPa,v = 0.3), in what
strain tensor will the material exhibit?

200 0 O
g =

0 0 0], the unit of stress is MPa
0O 0 0

0.00100 0.00000 0.00000
0.00000 -0.00030 0.00000
0.00000 0.00000 —-0.00030

Notice that a material with E = 200 GPa, v = 0.3 behaves equivalently with
a material with A = 115.384 GPa, u = 76.923 GPa



Demonstration with Excel



Symmetries; why only two parameters?

* 0 = 0j; gives E;ji; = Ejy thus, the required number of elastic constants reduces

from 3x3x3x3 to 6x3x3.

* Similarly, &;; = ¢€j; gives E;ji; = E; i so that we have the required of number of
constants 6x6=36

The required number of constants can be further reduced. Consider the elastic energy:
¢ = fUijdfij
0

Lj agij ljkl<kl

If we apply partial derivative once again, we have
0%¢p
demndeij 0

] : :
- (IEijklekl) since [E is ‘constant’, we have

92¢

de
——— =Eju (—kl) = Eijki6kmOin = Eijmn
aemnaeij a‘STnn



Symmetries; why only two parameters?

If we apply partial derivative once again, we have

a&‘i:gsij - a:nn (IEijszkz) since IE is ‘constant’, we have
0’ (aekl) _ B
Oemndeij Eijir Oemn’ Eijk10kmOin = Eijmn
L , . 52
We could do the 2"? order derivative in a different way (say, instead ofﬁ
mnU<ij

we could have done ¢ _ 9 ( 00 ) -2 ( 00 ) = Emnij

Thehtwo cases (regardless of the order of derivative) should give equivalent result
so that

IEijmn — IE:mnij

This summarizes our finding on the symmetries in elastic tensor:



Reduction to Voigt notation

© oy =E2111811 T Ez112812 + Epq13813 + Eoq21821 + Ez122822 + Epq03823 +
Ey131831 + Ez132832 + Epq03833

01 =

or

IIE‘:2112
IIE‘:2113
IIE‘:2121
IIE‘:2122
IIE‘:2123
IIE‘:2131
IIE‘:2132

_[E2133_

Ez111
Eyq122
Ezq33
Eyq23
Ezq13

IIE‘:2111 -

-IE2112-

€11
€12
€13
€21
x| =
€23
€31
€32
€33

_811_

[ II5:2111 ]
ZIE:2112

ZIE:3113

[E2122
ZIE:3123

L [E2133 J

[€11
€12
€13

€22
€23

| €33 ]

IIE‘:2111
IIE‘:2122

IIE‘:2133
ZIIE‘:2123

ZIIE‘:2113

ZIIE‘:2112

with Y1, = 2&;, and so forth

]E21,2
]E21,3
]E21,4
]E21,5

-]E21,6

with (1,1) -

'E21,1' -

Y-
(1),(2,2) - (2),(3,3) = (3)

(2,3) = (4),(1,3) - (5),(1,2) - (6)



Reduction to Voigt notation

E21,17 e
Ez12 ]| e
| Ez213]] €3
Epq14||Va
Ezqs{|YVs
[Epq,61M76-
with (1,1) = (1),(2,2) - (2),(3,3) = (3)

(2,3) = (4),(1,3) = (5),(1,2) = (6)

(E21,17 €1 (Eg 17 €1
Ezi2(]e, Ec 2 || e,
E € E

O 1 I =
Eyq5(]%5 P | 2
[E;q 6166 el 6

with(1,2) = (2,1) = (6) with(1,2) - (2,1) = (6)



Reduction to Voigt notation

0ij = Ejjri€r

0; = ]El]g]

70117 (E1111E1122E1133 1123 E1113E111271 €11
022 E)211E2222E2233E2223E2213E2212 || €22
033 _ E3311E3322E3333E3323E3313E3312 (| €33
O3 Ej311E2322E2333E2323 23132312 283
013 E1311E1322E1333E1323E1313E1312 2813
-0712- E1211E1222E1233 E1223 1213 E1212- 26154
017 [E11E12E13E14Ei5E167 €1

07 Ey1EypEysEy,ExsEqe || €2

O3] _ E31E3;Ez3E34E35E36 || €3

O4 Eg1EypEyzE s EysEyq || €4

Os EsiEsyEszEssEssEsg || €5

061 LEg1EgpEgz3EgsEgsEged ! €6-




How many constants are required?

10117 (E1111E1122E1133E1123E1113E111271 €11
022 Ez211E2222E2233E2223E2213E2212 || €22
033 _ E3311E3322E3333E3323E3313E3312 (] €33
O23| Ez311E2322E2333E2323E,313E2312 2823
013 Eq311E1322E1333E1323E1313E1312 2€13
-0712- E1211E1222E1233E1223E1213E1212] 212



How many constants do we need?

If the coordinate system happens to give strain
and stress all principal values:

011]  [E1111 Eq122 E1133] €11
022 = Ej022 Ez223] €22
1033 i [E3333_ €33




example
* Fe(1-0.025)-Al(0.025) alloy2| Etd Al4== Ctadr 20| =0 ZIC},

. E,, =270.71, E,, = 128.03, E,, = 108.77

* Fe-Al alloy= Body-centered cubic 273 7+ & 7A|11, 278 CHEE 0| 2|5
CtZ0t €2 Ehg AS= SHot

017 [E{;E;,E;3 0 0 0 qrén
02| |E, E,pEys 0 0 0 ||
03| |E3;Ez;E33 0 0 O [[é€3
gsl | 0 0 0Ey O O ||€a
05 O 0 0 O IE55 0 €5
0gd L0 0 0 0 0 Eggll€e-

i E'.'_EDJ OH—| E|‘, cubic 72:'759‘?—7594 EHQQQE 0,_|'<'5H Eiq = Epp = [E33,Egq =
Ess = Egg, E12 = E13 = Ep3
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Voigt notation

011
022
033
023
013
012

01
02
03
04
05

01111

[Ch

Cl 122 Cl 133
C'2222 C(2233
03333

symm

C’22

symm

014
Cas
Css

€11

€22

€33
2623
2613

2612

€1
€2
€3
€4
€5




Cartesian <-> Voigt (cheat sheet

(g

stress, stiffness

SUBROUTINE VOIGT(T1,T2,C2,C4,IOPT)

IMPLICIT NONE IF(IOPT.EQ.4) THEN
REAL*8 T1(6),T2(3,3),C2(6,6),C4(3,3,3,3) D0 I-=1,6
INTEGER IJV(6,2),I,J,IOPT,I1,I2,J1,32,N,M I1=IJV(I,1)
DATA (CIIV(N,M),M=1,2),N=1,6)/1,1,2,2,3,3,1,2,1,3,2,3/ T2=IIV(I,2)

DO J=1,6

IFCIOPT.EQ.1) THEN J1=1Jv(J,1)

DO I=1,6

OCoo~NOYUVI DA WNE

I1=IJV(I,1) J2=1Jv(3,2)

12=1JV(1,2) C2(1,1)=C4(11,12,11,32)
T2(I1,1I2)=T1(I) ENDDO

T2(12,11)=T1(I) ENDDO

ENDDO
ENDIF ENDIF

IFCIOPT.EQ.2) THEN RETURN
DO I=1,6 END
I1=1JV(1,1)
I2=1JV(1,2)
T1(I)=T2(11,12)
ENDDO
ENDIF

IF (IOPT.EQ.3) THEN
D0 I=1,6
I1=IJV(I,1)
12=I1JV(I,2)
DO J=1,6
J1=1JV(J3,1)
12=1Iv(3,2)
C4(I1,12,]1,)2)=C2(I00)
C4(12,11,311,12)=C2(1,J)
C4(11,12,312,11)=C2(1,J)
C4(12,11,32,11)=C2(1,J)
ENDDO
ENDDO
ENDIF




Convert from Cartesian to Voigt

. m(voigt) _ —(cartesian) (voigt) _ m(cartesian) n(voigt) _ r(cartesian)
IEll _ [Ellll ’ IEZB T IIE‘:2233 ’ IIE‘:41 _ [E2311

* Material anisotropy
* Symmetry can be represented by an orthogonal second order tensor,
° Q — Qijei X e]', such that Q_l — QT

 The invariance of the stiffness tensor under these transformations
(due to symmetry) is:

« Emew) — 9. Q- ECD . 9T . QT due to symmetry the resulting
tensor should be equivalent with the original one: E(¢W) = [E(0ld)

http://web.mit.edu/16.20/homepage/3_Constitutive/Constitutive_files/module_3_with_solutions.pdf



Convert from Cartesian to Voigt

. r(voigt) _ m(cartesian) y(voigt) _ m(cartesian) (voigt) _ (cartesian)
IIE‘:11 _ IIE‘:1111 ) IEZS _ [E2233 ) IE41 _ IIE‘:2311

* Material anisotropy
* Symmetry can be represented by an orthogonal second order tensor,
* Q= Ql-jei X €, such that Q_l = QT

e The invariance of the stiffness tensor under these transformations
(due to symmetry) is:

- Emew) — g . Q- ECD . 9T . QT due to symmetry the resulting
tensor should be equivalent with the original one: E(¢W) = [E(0ld)

http://web.mit.edu/16.20/homepage/3_Constitutive/Constitutive_files/module_3_ with_solutions.pdf



Triclinic (no symmetry)

Y
Triclinic: no symmetry planes, fully anisotropic.
@, B,7 <90
v Number of independent coefficients: 21
b Symmetry transformation: None
a — -
a Cinn Ciae Cuss Crizs Cinz Cune
Cozzo  Cozzz Cozaz Coziz Conin
c C— Csz33 Csza3 Czz13 Cszio
Cazaz Co313 Cazin
symm Ciz13 Ciziz
i Cr12




monoclinic (one symmetry plane)

Monoclinic: one symmetry plane (zy).
¢ a#b#c, =7=90,a <90
Number of independent coefficients: 13
Symmetry transformation: reflection about z-axis

0 O
1 0
o)
Ciiin Ciizz Cuizs O 0 Chiz)
Cao2 Co2zz 0 0  Chi
Czz33 0 0  Cs3i2
Caz23 Coz13 0

symm Ciziz 0
C1212 |




monoclinic (one symmetry plane)

* For the case of Monoclinic:

1 0 O
* Q=0;eiQe¢=0 1 0
0 0 -1

* Let’s take a look at the invariance due to symmetry

« EMew) = Q- Q ECD. QT . QT due to symmetry the resulting tensor should be equivalent with the
original one: E(*¢W) = [E(old)

* |nits matrix form:
ld
. IESIIZW) = QimanQklepIES*r(z)no)p
(old)

igt
e Ex: Egzmg ) = Ei1111 = leanQllepEmnop

* If you look at the matrix form of symmetry operator Q in the above, only diagonal components are non-zero. Therefore,

¢ Eg’f”gt) =Eq111 = Q11Q11Q11Q11]E§ql1d1) = ]Eﬁlﬁ)
*  Therefore, ]Eﬁmgt) =Ei111
. p(voigt) _ _ (old) __ (old) __ (old) __ (old)
© ExE, = E1123 = Q1m@1nQ20Q3pEimnop = Q11011022033 E 155 = IXIXIX(—1)XE{ 55 = —E 55

* Therefore, in order to satisfy E;123 = —E 123, E1123 should be zero.



Cubic

Cubic: three mutually orthogonal planes of reflec-
tion symmetry plus 90° rotation symmetry with re-
spect to those planes. a =b=c, a==~v=90

Number of independent coefficients: 3
Symmetry transformations: reflections and 90° ro-

tations about all three orthogonal planes

—-1 0

0 1
0 0
[0 1
-1 0
|0 0
_01111

1
0
0

0 0]
-1 0
0 1

Q




