Force and stress tensor
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Stamping process for mass production




Force

Force is a vector quantity, so that
f = fies + fre; + fze;3

Force equilibrium condition:

feach source _ ()

source of acting force

z fi =0 (freeindexi) — Z f1=0, Z f=0, z f3=0

source source source source



Force and moment

m = fXx with x being moment arm

Moment of a force is a measure of its tendency to cause a body to ‘rotation’ about a specific
point or axis.

m, = fixjeixej = finEijkek

= e, ). Jescn

= ek{f1x2512k + fiX3€13k T faX1€21k t faX3€23K + f3X1€31K + f3X2€321 )

my = e{f1X2€6121 + f1X3€131 + foX1€211 + f2X3€231 + f3X1€311 + f3X2€324)

= e;{f2x3 — f3X2}

m, = e,{f1X2€1, + f1X3€132 + f2X1€6212 + faX3€232 + f3X1€312 + f3X2€322}
= ey {—fixs + f3x1}

m; = e3{f1x, — fox1}

m; = 0 (moment equilibrium; i is a free index)
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The graphical illustration to understand the
definition of stress vector (traction vector)

M= L F 0] force field

Q| 9| surface force




The graphical gist of it




Mathematical description (both algebraic and geometrical)

b

4

t=o0-'n ti=0ijnj

® The infinitesimal surface that approaches to zero (i.e., AS — 0) Stress tensor () on that location (®) linearly transforms the normal n
to the traction vector t

~ (Coupled) Force vectors acting on that infinitesimal surface

ty nq i 011 012 013][M1
t = . |n t = | O (0] (0} n

Plane normal; It is a unit vector such that |n| = 1. 2 o 2 2 21 22 23 2
t3 ns t3 031

032 0O33]|N3



Mathematical description (both algebraic and geometrical)

Normal component

Tangential component

ZFHO|| ' = A (tangential) 2 25t HE22
term< 27l, normal component= 170 7F 2F HOICH QLS.




Let’ssay by t,, = =

te,?

Three traction vectors on three planes

le, = (011,012, 013)
Le, = (011,012, 013)
Le, = (011,012, 013)

_(tel)l_ 011 012 013
(tel)2 = [021 022 023”
(t ) 031 032 033
\"€1/3]

1
0
0

|

af Here, we denote traction vector t acting on
infinitesimal surface dS with the normaln as t,,

Traction vector t acting on infinitesimal surface dS with the basis
normal e; (note thati is a free index, it could be 1 or 2 or 3)

t=0-n ti = oyn;

tel = 0" € ?

ty 011 012 013

tro| =021 032 033

ts 031 03z 033
(¢ :

( e1)1 011 0712 O13 (el)l
(tel)2 =021 022 O23(|(e1);
(t ) 031 032 0331|(e{);
L\"€1 /3]

Caution: O-l'j = O-ji



Cauchy stress tensor

Augustin-Louis Cauchy

e Causchy’s idea: Traction vectors on three
independent (perpendicular) planes
pertaining to a point would suffice to
provide the stress state of that point.

 Components of traction vectors on each of
these three planes provide us the Cauchy
stress components, which is sufficient to
describe any arbitrary stress state. (No
more than three planes!)

* While there are a number of strain
measures ...




Cauchy’s Tetrahedron (AFHA|)

€3 _te1ASe1

—to,AS,,

e e;: basis vectors (i is free)

* te,;: Traction acting on the plane 1L e;

« AS,:Area of AB,C &ZtH

* ASe;: surface of the plane L e;, which can
be obtained by AS,. = AS,; n-e; = AS;, n;
(Notice n; is not in bold-face)

* b;is the body force

s m= gphASn

_te3ASe3
€1
t=0-n
ti = O'l'jnj

(LHS) -

F, =ma; -

3

Force balance along e;?
Check F; = ma4 (net Fy)

1
e, - YF = §phASna e

1
- pb . elAV + (tnASn) -eq + (Z _teiASei> €1 = Eph.ASnal

i

pb{hAS,
ﬁ ———

1
3 + tn . elASn - ASn {Z teini] €1 = §phASna1

i
b, hAS
(LHS) - plT" +t, - €,AS, — AS, {Z n;o - ei} cey
i

+t, e AS, — AS,{n,0-e; + n,0-e, +nzo- ez} -e;

n + tn' elASn—ASn{nla' €€ +n20" €, €4 +n30" €3 - e1}

b, hAS,, 1
T + tn . elASn - Asn{n10'11 + Ny021 + n30-31} = §phA5na1




Cauchy’s Tetrahedron (AFHA|)

o, —teSe, * e;: basis vectors
I * te;: Traction acting on the plane 1 e;
/ ) * ASy,:Areaof ABC Y
—t0s., | \t/;/ tnl\Sh * AS,,: surface of the plane L e;, which can
TN ., be obtained by AS,, = AS, n - e; = AS,,
I/ (Notice n; is not in bold-face)
N }5/////\ AS» * b;is the body force
"4 —to,AS * m= éphASn
e;

Force balance along e;?
Check F; = ma4 (net Fy)

pb;hAS, 1
Fl - mal - 3 + tn . elASn - ASn{nlo'll + n20-21 + n30-31} - gphASnal
Withh - 0
> t, - € — {ny011 + N0, + N3031} = §pha1
tn €1 = Z O'Jln]
J

Let’s notice that t,, - €; = (t,,)1 and maybe it’s better for us to shorten the notation (t,,); simply to t;




Cauchy’s Tetrahedron (AFHX|) (Advanced)

A case without body force

j VodV = j neds
|74 S

* Say, ¢ is a quantity that is transferable (like heat, momentum, solute in
solution etc.), transfer-in and -out should be met if equilibrium;

* In equlibrium (such as heat equilibrium or force equilibrium), ¢ =
const.

* Therefore, (ng denotes normal of surface S)

1% S S S
* For the case of this tetrahedron we have

jnSdS =0 - nAS,, — e;ASe, — €4S, —e3AS., =0
S

- nAS,, = Z e;ASe, > (nASy) - e = e - z e;ASe,
Force equilibrium: i i
t, AS, — z o ASe, =0 > n,AS,, = z ey - €;ASe, = ASe, = MAS, = AS,,
l
i
— Force equilibrum: t,,AS,, — Z te,niAS, =0 -t — Z te,n; =0

l l

t, = Z te,n; > ty = (te,ng + te, Ny + te,N3)
Remember: S, = AS, n-e; = AS;; n; i

> ty={(n-e)te, + (n-e))te, + (n-e3)te,}



Cauchy’s Tetrahedron (AFHX|) (Advanced)

A case without body force

s, ty ={(n-ete, + (n-e))te, + (n-e3)t,,}

C \/n {thti={(n-eDte, + (n-ex)te, + (n- eg)te3}i : note the free index i

{tadi = (- eDte,}, + (- ex){te,}, + (- e3){te,},

Ao\ ASn Notice that both {t,}; and {tek}i (k is free index) are ‘scalars’ — they for
el' ~te,ASe, each index represent each component, as in below,
ca = ca;e; = a;(ce;)
o so that
Force equilibrium: (t,); = (n) - e {tel}i +(n) - e, {tez}i +(n) - e, {te3}i
t, AS, — z o ASe, =0 =1 {este, + este, + este,}
l

t,- e =n-(ete +eyte, +este,) €

Remember: S, = AS, n-e; = AS;; n;
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“I'm a college professor, Jason. You
need to ask someone else if you want
advice about the real world.”

Reprinted from Funny Times / PO Box 18530/Cleveland Hts. OH 44118
phone; 216.371.8600 / email; ft@funnytimes.com



Stress tensor Is symmetric

Oij = 0ji
Therefore, the below

tn €1 = 20']-171]-

J
could be equivalently written as:

(th)1 = 2 01N

J
And, therefore, by making use Indicial and Einstein notations,
(tn); = oijn;



Proof of symmetric stress tensor



The same linear transformation
applies to strain tensor

£ - n gives you the ‘stretched’ vector.

If you know the meaning of dot product, you’ll understand (g - n) - n gives you a
fractional change in length expected along n expected as an outcome of &.



Object sliding downhill

Points under the object is under
the stress of

0 O 0
[0 —25 0]

0 0 40

Q: What is the traction vector
acting on the plane?

solution:

V3
n = [0, cos 60°, sin 60°] = [O,0.5,7]

0 0 0 0
t=0-n- [0 25 0 ” 0.5 ]= [0,—12.5, —34.6]

0 0 —40110.866



Examples.

Suppose a single crystal Ni (in FCC) is subjected to a
traction field of (100, 10, 10) MPa.

o

Calculate the traction vector along (111) plane normal

Solution). Since, say, n = Igigl = \/% (1,1,1). The component of traction vector (give as
t = (100,10,10)), its component along n is obtained by projecting t along n such that

120
t-n=—

V3



Examples.

Suppose a single crystal Ni (in FCC) is subjected to a
traction field of (100, 10, 10) MPa.

o

Calculate the traction vector along (111) plane normal

(Solution). Since, say, n = Igigl = \/% (1,1, 1). The component of traction vector (given
ast = (100,10,10)) along n is obtained by projecting t along n such that

¢ 100
‘n=——
V3



Resolved shear stress

20 0 O
Suppose a single crystal Fe (in BCC) is subjected a stress of l 0 20 0]
0O 0 O

c)
Calculate the resolved shear stress acting on system (011)[111]

(0,1,1)
1(0,1,1)|

=3 2 ]|

In order to obtain ¢t component in the slip dlrectlon (denoted as b), use dot-product, such

20
thatt =t - b———l ] l ]——— 20 = 8.16

(Solution). Since, say, n = \/_(0 1,1). The traction vector (denoted as t) on plane

nis



Generalized Schmid’s law

T=(0'n)b=b(an)=b0'n=blcun]



Force and moment balances

* Net force acting on any portion of a body should be zero.

* Externally applied forces (die, punch and so forth) should be balanced by internal
forces — attractions and repulsions between atoms.

* 20|17} L 0|1, X| 20| p 28| FH 79

mho|Zof L7t ot p2 FHCt

8dl= 58 d& o0y, 0|2 T force balanceE &5t +&
Eeach source _ Fpipe pressure , pinternal stress — __ PnD? + tDto., =
y y y 4 y
source
PrD? PD
—>T[Dt0'y =T—>O'y =4-_t
PD

Z FEachsource = — PDL + 20,tL = 0 > oy = —

source



Force and moment balances

e m=FXx - m; = fineixe]' = finEijkek €.,€,, €3 | 7,0,z

Shear stress
Org

]

m; = fixj€;j3€3 = (fixz — fax1)es

ms = (t14,%, — tyAgxi)e;

S~
" v \ = (Uljn;T)Arxz - O'an,(:)Agxl) e3




