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Tension tests

(Uniaxial) tension test: the most common mechanical
stress-strain test performed in tension (2! &)
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_ Tensile tester
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Extensometer
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Images from Callister, Int. MISE
http://www.epsilontech.com/products/axial-extensometer-model-3542/



Measuring strains

Measuring Relative
motion of two points

Strain pertaining to a smaller area (point)
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Digital image correlation
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Small strain theory

Finite strain theory
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H 2| (displacement) 2t H (5-1)
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H 2| (displacement)2f HH... (5-2)

Say, the displacement is a
function of X such that

u(X) =-0.5X
0.00
—-0.48
—-0.25 1
—0.50 - —0.49 A
>
(g)
3 —0.75 1 X -050{8—e—0—0 909
(Ao o
—-1.00 0514
0000000000 -1.25
-0.52
-1.50
0 2 4 6 0 1 2 3 0 1 2 3
X X

Negative slope of displacement led to ‘compression’
B HYO| AdlstH, 110 o E5St= He| T+l 24 0] SO|LCt.
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T A (positi

£ K| (position)
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H 2| (displacement)2t HEH... (7)

2Kl B 7H(X,, X,) Ol Mol B
u= u(XltXZ)

Equi-biaxial deformation

qu = 05X1
Uy, = 0.5X, displacement field  displacement field
initial deformed (actual arrow) (scaled arrow)
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Not all high — means high distortion

0X j
ux, = 0.707X; — 0.707X,
ux, = 0.707X; + 0.707X,

leads to: displacement field
initial deformed (actual arrow)
7.5 -
5.0
X2 2.5
0.0
-5 0 5

X1
It was not deformed; but instead, it simply rotated counter-clock-wise!

Ux,1 _ [0.707 —0.7077[X1
uyz]‘[o.707 0.707”le

Linear map of [X1, X,] to [uy , uy,]



From initial to final

xfinal — yinitial 4 u(xinitial)

Uy, = Uy = X3
uXZ = u2 = _OSXZ
du,  O0uq’
fmal initi
mltlal 6X1 aXz xinltlal
fmal mltlal auz auz xé'nitial
initial initial
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xfinal — {5 4 aui}xmltlal ]
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Small strain theory

Infinitesimal strain tensor & » Deformed
1/0u; Odu
eij=_ + .
2\0X;  0Xi W S SriEm
o 4§ :
o Bon 0% w%
Example 1) S S N —— I — u.'%}
u(X) = (0.5X,,—0.25X,, —0.25X;) e
0u; Ouy  0uy’
u
o] |J% Qu 0w [0 -025 0 ]
90X, 0X, 0Xs 0 0 —025
aug GU3 au::,
9X, 09X, 0Xs.




XA = Z82A S MEISH= 0 S O & 2 =
Ao|= Hol| &l ZtHEA 2| MEHO| EE| 2= HdES= WHEO| FHS T HA=
OIZ|CI= ™HO|LC
- |-I_ = | |- displacement field displacement field

s initial (actual arrow) s initial (actual arrow)

0.5 1 o:\ /"0 °°% \S‘ 05{ & °°°°° K/ / j l X\.\\\
§: ;g \ ,ii\ > 0.0+ § 02‘3
N e S I N7

_1.5 T T T T T _1.5 T T T T T T
-1 0 1 -1 1 -1 0 1 -1 0 1
uy = 0.5Y * Notice the algebraic X ug = 058
uy = 05X difference! ug = —0.5¥
2(Br Ty (T Sy (T2, 2y (T 2
e=|2\0ox "~ ox/ 2\ay = ox e=|2\0X ~aX/ 2\oY  oX
2y Ty LSy S L(Quy | Oux) Lloouy  Oup
2\ox *av) 2\ar oy 02(6_%+W) 3057 +57)
:[0.5 0 :[6 —0.5]

Realize that the algebraic quantity is valid for a specific coordinate system and cannot convey the invariance of physical law
on the choice of coordinate system by itself — requires something more profound (the concept of tensor)
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Displacement field in cylindrical coordinates

a point in cylindrical coodinates: (1, 8, z)

u=u(rb,z)

0w, OJdu, Jdu,’

or 080 0z
7u = 6u9 aug 6u9
or 080 0z

du, OJdug OJdug
Ldr 00 0z -




Displacement field in cylindrical coordinates

0w, OJdu, Jdu,’
or 00 0z
aug aug aug
or 00 0z
du, OJdu, OJu,
Ldr 00 0z -

Vu =

Below initial and deformed points follows from
u = (u,,ug,u,) = (0,0.5z,0)
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SHIIHA S S 5= WHO| CHl| ZHEHS| 2| =dl| 2 X}
Q. €= 2% (uniaxial tension test; uniaxial tensile test) 210f| CHSH Hi & =72
Q. €= A= O|H 7| AN HEHEZZ F5E = U7t




Measuring strains

Measuring Relative motion of two points U(0), U()

1 A et ‘)

69

TECH NOLOGY CORP

\ - ) | 1i

‘A - ==, ;.,,.H...q.,.4.4.44././‘/.[././.].1."., | ' \




two points =7

u(X) »

A




Deformation gradient

HY| THHl(Vu, u;; = %) lHE0] | 0ij = Kronecker delta 2} 22| H L2

J
S8ttt =88 & othe
Deformation gradient tensor F:

Fii=otys
"f_a_xj+ ij

. AX att=t =W
u;: translation 0

(TH 0l S)

-

’;‘— ﬁjg = tl
B AXi F AX

Linearly mapping AX 0 to Axt ' (*see Chapter Vectors and Matrices)
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ot = X7t Ch=1F 20| ofti et 250 2f3 2 BoHAI

ot Mo| XHH: (X,,
|:|I_:|-<'35|0| El(}?}-“:'_ dl | ZtE (X1, X5)
X Displacement gradient tensor 61
E A aul 4 — 2 Y €1
- — Uin =5 =5 — 2XH EFEA
« g =0 £= At 0Xy 2 (e,, e,basis vectors)
N ou, 3-—2 1 0
v v U2 = o =5 uii:l ]
5 . 0X, 2 0 05
2cm
< > auZ 0 F aul + 8
cm 21 axl 1 an 1]
u1 == 1X1 aul
_ Up == =
Uz = 0.5X; 270X, [ Og4ft 0
0 0.5 0 1
_[2 0]
0 1.5




3cm

= X7+ CHSoF 20| o3t 250 2|5 ‘B L sHAI St 0| X1 (X,,X,)
0| T AL, e
aui _ l]_ 0 ‘ >
aX] 0 05 ) €4
~ 2K T A
t = At Fij _ l(z) 1(.)5 (e, e, basis vectors)
) 4 cm ' 2 0171712
u, = 4, Fil = [o 15][2] =14 31
u, 7#0.5X,
2
2 o1 Fi=ly sl )= 8

Fj; does not account for ‘translation’.
Translation is ‘lost” when take derivatives of u
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Q. Can you find u;; for this deformation?



Find out the deformation gradient for the given
t = At deformation illustrated in the left figure.

4 cm
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(Xlr XZ)
= R Find out the deformation gradient for the given
érJ deformation illustrated in the left figure.
£
N
JV v
Fia|[21 2 [2] o, 2=2F4 F,=1
Faollol 11 1= 2F,, F,; =0.5
u; = 0.5X i
Ul = OSXi Fll F12 0 = 1] - 2 = 2F22 FZZ =1
Fa1 Fppll2l 12 1=2F; Fi, =05

[0?5 Oisl B] N B




Displacement and strain

Goal: Dlsplacementgf strain |J_-.LF71|E

=
straing ‘=’ ol & + U= LS O|s|| oL}
Blank sheet Cup
H Y

1. 55 It EAOA 7| 2. Translation A| A

Displacement

gradient tensor

e \/ e
2[ L 2[ \1/ ]
ou;
8 Vu,u;; = —

Ci|6H St I LEOFZ} displacement O] A

* Translation

* Rotation
Extension (Contraction)

and shear

3. Rotation X| 7

Strain = The ‘symmetric’
part of displacement
gradient tensor




Displacement and strain

Displacement: &7 ot ® 0| X} X|5tH
positiona &£ CtE position2 2 =7 =Lt

u: displacement vector

—> @

p*

U vector maps a single point P to P

u(x4, X,): displacement vector field
maps various points to various points.

In case U field is uniform, which means that U is
the same for all points, the material only
translates in the space (no deformation).

Deformation occurs only when

u field is not uniform, which

means that U varies when
changing the locations.

Warning: there are cases that
u field is not uniform, but no
deformation occurs

(We’ll get back to this later).



Displacement and strain

In case u(Xq,X,) is not uniform (case 1)
u(X; + AX, X, + AX))

Displacement vector 7}
SO A CHE

[ I E 2 2t B o)
Au

o e SHEO| ChSH B2, 5
Au = Au(X)

AL | AL Tzt HEER u 7t SZ4oj| e} of B A
oeteta s gAL (;I;c(:)(impoie s e== %Dflj EL NN
ool =22 7|E0] ‘ LIEFLY & ot
Elf EO“ Hl_é-H 0 N (gradient)

L= AH O H S o= I

=MO = :H:o._:IE._l |_|- (=] I M) = H7| 81X
Aot @z 0 oo  MEem---- > AX '

%74 %i L__|' Au = Au1e1 + AuZez Ax = AX1e1 + AXzez




Displacement and strain

In case U(Xy, X, X3) is not uniform (case 1; pure stretching)

Non-uniform displacement field
does not always mean that the
material is ‘deformed’.
Non-uniform displacement field
may contain a contribution
from ‘rotation’.

In case U(Xy, X5, X3) is not uniform (case 2; pure rotation)

Therefore, if you want to
‘extract’ only the ‘deformation’,
you have to exclude ‘rotational’

contribution from the
displacement field.



Shear components of Vu;;, d;;,

ou;

an

du; 1/0u; 0w
. J ) )
ox; 2\0x; Ox;
Bui 6u]
) 5]
ax] axi
initial deformed
2.0
1.5 A
1.0 A
>
0.5
0.0
_0.5 T T T T T T T T
-05 00 05 1.0 15 2.0 -05 00 05 1.0 15 2.0
X X
0.4 7 Ux 0.4 1 = Ux
== Uy == Uy
0.2 A 0.2 1
0.0 0.0
0.2 —0.2
—-0.4 —-0.4
000 025 050 075 1.00 000 025 050 075 1.00

X Y

displacement field
(actual arrow)

displacement field
(scaled arrow)

a 4 T T 70 )
a 4+ ¢ ? T T )
A 4+ ¢ ? T T )
a 4+ ¢ ? T T )
23 Lottt
. A
:: a4+t T T )
j: a 4+ ¢ ? T T |
:: A 4+ ¢ t T T
o a 4+ ¢ ? T T )
a 4+ ¢ f T T
-05 00 05 10 15 20 0.00 0.25 0.50 0.75 1.00
X X
— BUX/aY — aUX/aY
0.4 1 —— duy/aX 0.4 1 —— duy/aX
=== 1/2(3ux/aY — auy/aX) === 1/2(3ux/aY — auy/aX)
0.2 1 0.2 1
0.0 A 0.0 A
—0.2 A -0.2 4
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
X Y




Displacement gradient to strain

Small strain theory
[ Au;  O0u;

= lim =
ax]' AX]-—>OAX]' an

. 1 6ui | auj
gij — — L _
2\0x; = 0x;

9| E40 2 Qlg}

=1

T __
gl'j = gij
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[ tq
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Let’s check

e l l l l l |
This excell sheet proves a means of coordinate system transformation \
angle radian |
phil 45 0.785
Three Euler angles Phi 30 0.524
phi2 20 0.349 ‘ ‘ ‘
transformation matrix R (transformation matrix)*t= RAt=RA-1
sz usyUs | |
cos(phil) 0.707 sin(phil) 0.707 0.455 0.874 0.171 0.455 -0.817 0.354 |
cos(Phi) 0.866 sin(Phi) 0.500 -0.817 0.334 0.470 0.874 0.334 -0.354 \
cos(phi2) 0.940 sin(phi2) 0.342 0.354 -0.354 0.866 0.171 0.470 0.866 \
| |
\
\
2nd rank tensor in matrix form R.T RAL.R.T 2nd rank tensor after coordinate transformation |
a5 0 0 0.455 -0.874 0.342 -0.498 -0.503 0.766)
0 -1 0 -0.817 -0.334 0.940 -0.503 0.998 0.643
0 0 2 0.354 0.354 1.732 0.766 0.643 1.500)
1st rank tensor (i.e., vector) in array form R.v 1st rank tensor (vector) after coordinate transformation
i 0.4550193 -0.8172866 0.3535534
0
0




Finite strain theory

F=R-U=V-R

U (or V) represents ‘stretching’ and R
represents ‘rotation’.

There are several strain measures.

However, stress is usually quantified using
Cauchy stress tensor.
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