Cross product and permutation symbol

7|7} 10|12 £=2] 2 A|(orthonormal) 2! 5 basis Bl E{ AFO| 2| cross product2| H2]:
e;xe; = €; e (i,j: free; k: dummy)

The symbol €;j is called the alternating symbol (or more commonly permutation symbol and
more formally Levi-Civita symbol).

1, if 4, 7, k are in cyclic order and not repeated (123,231, 312),
€ijk = ¢ —1, if4i,j,k are not in cyclic order and not repeated(132,213,321),
0, if any of 7, 7, k are repeated.
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If axb = c, then 3 3 —1 >
Ck = C- €, =a;bje;xe; - e 1 N

For the indices (i, /, k) in €;jx the &
values 1, 2, 3 occurring in the |:|
cyclic order (1, 2, 3) correspond to
€= +1, while occurring in the .
where i is the depth (blue: i = 1; red: i = 2; green: i = 3), j is the row and k is the column. [BipIoe ovele ordeniconocpondiio

€ =—1, otherwise e = 0.

axb = (aiei)x(bjej) = aibj(eixej) = aibjeijkek

Ex) Prove €; € = 6
Jk*ijk _ 2 _ 2 2 2
Eijkeijk — y S“ S“ Eijk = €1mn + EZop + E3qr
i J k
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Cross product between two orthonormal basis vectors: e;Xe; = €€ (i, j: free; k: dummy)

1, if 4, 7, k are in cyclic order and not repeated (123,231, 312),
€ijk = ¢ —1, ifi,j,k are not in cyclic order and not repeated(132, 213, 321),
0, if any of ¢, 7, k are repeated.

Q1) HIE{ a@F b7t 2+2H (1,2,3) 22|12 (1,0,1) € M, axbS TEHA| 2.
c =axb EPOPD:'
C = cieiolEE (H—-I! E'I _E_-é-H)
CkCr = aibjeijkek
Only one free index: k. (L2t A, k = 1,2,309 A& X[ EH.

[

3 3
c1€1 = al‘bjel'jle ZZ a; b Eulel = a2b3e1 — a3b2e1
J

3 3
e, = aibjel‘jzez = ZZ aibjel’jzez = —a1b3e2 + a3b1e2
j

[
3
C3€3 = aibjel‘jgeg = ZZ aibjEij3e3 = albzeg — a2b1e3
; -



Area of inclined triangle calculated by using cross-product

REF: https://youtu.be/eu6i7Wleinw

v X W = Area of parallelogram

. |u| lwxv|
The area of triangle: P

The unit normal vector of the traingle: %

lul J(bc)? + (ac)? + (ab)?

WXy =uU
(Wiel')X(vje]') = WiVj€;jr € = Ur€y
u; = Wl'vjEijl = WUz — W3V, = _(_C)b = bc
Up = WiVj€jj, = W3V —Wv3 = (—c)(—a) = ac
Uz = Wl'vjel'jg = WUy — WV = ab

2 2

u [bc, ac, ab]

[l ~ /(o) + (ac)? + (ab)?



https://youtu.be/eu6i7WJeinw

Relations between triangular surfaces
(will be useful for Cauchy tetrahedron)

A

€3 [0,0, c]

u = wxv

r =[0,0,c]x[0,b,0] = —cbe,
q = [a, 0,0]x][0,0,c] = —ace,
[a,0,0] [0.6,0] s =10,b,0]X[a,0,0] = —bae,

b
Volume of tetrahedron: aTc

2 2 2

Area: l;‘—l _ Y (o) +(C;C) +(ab)

_ L _ M8, cc,ab] —m ( 1 )
Unit normal vector: A= oot L, e, ab (o —

Confirm
Uy \/(bc)z + (ac)? + (ab)? bc
| 2 2
U, \/(bc)z + (ac)? + (ab)? ac
2
2

u = wxv

] 2 2
1, /(bc)? + (ac)? + (ab)? ab

|ul 2




Relations between triangular surfaces
(will be useful for Cauchy tetrahedron)

€3 [0,0, c]




Integration (scalars)

a is a quantity that is varying with respect to time t. If you know the initial value of it, (i.e.,
da . :
a(t = 0) and you knowd—? in all time stamps, you’ll be able to calculate a(t = 1) via:

Tda

a(t=1)=a(t=0)+ f — dt, this is sometimes written in short:

—a(0)+j _dt

You could have an analytic expression of the above, (or not). In case of former, you'd have
Something like

a(t) = ag + 2 + cos(7) exp(7) ...

In case you cannot obtain an analytic expression, you can could ‘numerically’ obtain
the solution.



Integration (vectors, tensors)

a is a quantity that is varying with respect to time t. If you know the initial value of it, (i.e.,
da; ,., . : . :

a(t = 0) and you knowd—at‘ (i being the free index) in all time stamps, you’ll be able to

calculate a(t = 1) via:

Tda

a(t=1)=a(t=0)+ fo o dt , this is sometimes written in short:
+ T—da dt
a, = a(o)
o dt

You could have an analytic expression of the above, (or not). In case of former, you'd have
Something like
a(t) = ay + cos(t) exp(t) M: b ...

In case you cannot obtain an analytic expression, you can could ‘numerically’ obtain
the solution.
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dx
dt

X(T):X(TZO)-l-fT—dt
0

x(t)=x(t=0)+ jT% dt = jrv(t) dt v(t)=v(t=0)+ jT%dt
0 0 0

v(t)=v(t=0)+ jta(t)dq
0 J

Xi(T) = Xi(T = O) + jT
0

dxl' T Tdvi
E dt= ,[0 v;(t) dt Ui(T) = Ui(T =0) +j;) Edt

Ui(T) = Ul'(T = O) + jrai(t)dt
0




Summary

* Nomenclature
* Why vectorial quantities are required for physical laws?

* Vector operations
v'Basic vector operations: addition(+), subtraction(-), inner dot(-)
v'Use the same coordinate system for vector operations
v'Dyadic operation (®)and Schmid tensor
v'Identity matrix (Kronecker delta)
v Transpose operation ( AT = Aj;)
v'Linear transformation (— linear map)
v'Matrix operations: inner dot (-), double inner dot(:)
v'Coordinate transformation
v'Cross product (X) and its geometrical interpretation

* Time integration of vectorial quantltles
x; (1) = x; T—O)+f —dt



Reference

https://www.continuummechanics.org

https://lib.changwon.ac.kr/search/DetailView.ax?sid=1&cid=934390
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