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Kronecker delta examples

Ql a:; = b 5
a;j0ij = E E a;;6;j = 116811 + A12815 . ) aij = b6
T

1. There are on dummy index, k and two
= aq1 + Az +ass free indicies i, j

2. Therefore, the above means 9

_ equations.

i 3. If we expand the dummy index k, we
= Qi have
a;j = (b11 + by + b33)d;;

Notie the dummy index i, so that
aj = a]] = Ak -



Kronecker delta

Q2) Ejji = 460k + ,u((Sik(Sﬂ + 5iz5jk), expand the equation to find explicit component [E;,33
1. Thereis no dummy and four free indicies exist, namely, i, j, k,
2. Eqz33 = 4812633 + (813623 + 813623) = 0

Q3) Expand the equation to find explicit component IE2233 = 2.622633 + ,Ll(623623 + 523523) = A

Q4) Expand the equation to find explicit component E{515, = 481,815 + (811022 + 6128,1) = U



Transpose

3 4 6
cA=|-3 2 5
1 -1 -4
3 -3 1
cAT=[4 2 -1
6 5 —4

* In tensor notation, Al-Tj = Aj;



Matrix addition and dot, double-

dot products

» Addition
e C=A+B
¢ CU = AU + Bl]
* Dot products
«C=A-B
* Cij = AjxBy; (Find the free and non-free indices!)
* Multiplication is not commutative
e A-B+B-A

* Double dot products
 d = A: B (denote d is a scalar quantity thus is not denoted in

bold-face)
e d = AUBU
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Linear transformation, Linear map, Linear operation
(A =t

* Let’s understand ‘linear transformation’ as a function that inputs vectors and output vectors

.............................................

Input: vector a Input: (ax, ay)
Output: f(a) Output: (Zax, ay)

| What this linear map does:
fla) = f([ax» ay]) takes in a vector, multiplies 2 only on a, and then puts out (Zax, ay)

A linear map should satisfy two conditions:
1) Additivity, 2) Homogeneity of degree 1

fla+b) =f(a) + f(b) f(Aa) = Af (a)

____________________________________________

..........................................

https://en.wikipedia.org/wiki/Linear map



https://en.wikipedia.org/wiki/Linear_map

Linear transformation, Linear map, Linear operation
(A =t

* Let’s understand ‘linear transformation’ as a function that inputs vectors and output vectors

.............................................

| =6 2

| What this linear map does:
fla) = f([ax» ay]) takes in a vector, multiplies 2 only on a, and then puts out (Zax, ay)

2 0
f(a):A°x:Al‘ij A—lo 1

e rotation e scaling by 2 in all directions:

e by 90 degrees counterclockwise:

(0 ) a=(5 3)-=

1 0
e by an angle 6 counterclockwise: e horizontal shear mapping:
—si 1 m
A cos sin 6 A — ( )
sinf cosf 0 1

https://en.wikipedia.org/wiki/Linear map
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Rotation (transformation) of the coordinate system

Relationship between the components of a unit vector expressed with respect to
two different Cartesian bases with the same origin (not necessarily orthonormal);

Any vector X can be resolved into components with
respect to either the K or the K’ system.

x = (x-¢)e; = xje
If we take X = e; (a certain basis vector of K')

e; = (e{ . ej)ej = al-jej

The nine terms a;; (for each of three basis vectors;
i =1,i =2,and i = 3) are directional cosines of the
Two cartesian coordinates (K and angles between the six axes:
K") with two separate sets of basis
Lectors (e; and e;) and a vector x

a1 A1 aAqg3
R = (aij) = |Ay1 Ayy Ay3
az; Az 433
R is known as the transformation matrix
(or rotation matrix) in three dimension.




Rotation (transformation) of the coordinate system

I — . . . I —

€; =aqa;je;  Switchingj > k e; = a;xey

' ined: a;; = e - e; e =e -e:-e; : L Y,

Earlier, we defined: a;; = e; - €; Anda;je; =e;-e; - e, . a;j e = ejle| > a;e; = e
—a .a — . Lol 3
6ij =€ € = ey € = ayby; [a] = [b]~!

If we defined: bl] =€ e]'-

Any vector X may be expressed in the K system as
X = xjej

or as in the K’ system using primed basis such as
X = X;€;

They are the same vector so one can equate

Two cartesian coordinates (K and X = x{eg = x;€;

K") with two separate sets of basis

vectors (e; and e;) and a vector X

/ .
One could replace e; with a;;e;
’ f— - -
xl-aijej = x]e]

!
Xj = AjiX;
so that J J

N T / T Te ,
6 =xaij x| =[xjay] x5 =[ay] [x]"
Or equivalently, swapping the indices i and j gives:

. /
X = al-jxj



Examples 2D

* e, e, basis vector’l (1,0),(0,1)2 B |0 BtH e, e, HIE 7} 2+2t
(0,—1),(1,0) 2= FO{H UL} F=O X Y| basis vector2| T+ &8 = 44=0|
e basis vectorE 0|—|—01X._| ZtHA KOf| CHoH & K0 RO, ef,er 2

o202l K E A2 k0|2t S A

- O|lf ¥IE} @7} 2B || Chsh &Sl 0f TS Tt 20| T H RSO
Z=0{X QICkm B,

a=(25)

Q) #Ef a0 PHYE US

fujo

Xt B A K'Of| CHoH 7HorA| 2.



Examples 3D

* e, e, e ba5|s vector7f(100) (0,1 )1, 0),(0,0,1) &
ﬂi°45| HIH ef, e}, ef HIE{ 7} 252t

(0,—1,0), (001) 1,0,0) 22 $01X1 ULEH FO{ T
O A basis vector® ﬁ 38 & 4/=0| ey, ey, e basis
vectorZ O|FO{ %l -JF-f:H:71| KOﬂ CH H AL 0] YO,
e}, ey, et 2 O|—|—017(| Zt®HAH = K'O| 2} SHAY,




