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Strain tensor
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Finite strain theory (not discussed in the current lecture)

Small strain theory (infinitesimal strain theory; small deformation theory; small displacement-
gradient theory and so forth..)



Strain tensor
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2 KF& strain#3 (small strain)
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Kronecker delta and deformation gradient
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Zﬂ% strain

4 (small strain)
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D KFR strain#s (small strain)
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fo% strain

6 (small strain)
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2 KFR strain#7 (small strain)

{\ CCW: counter-clock-wise
U CW: clock-wise
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Zﬂ% strain

8 (small strain)
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3K} strain#9 (small strain)
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Displacement and strain
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Displacement and strain

Displacement: &7 ot ® 0| X} X|5tH
positiona &£ CtE position2 2 =7 =Lt

u: displacement vector
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U vector maps a single point P to P

u(x4, X,): displacement vector field
maps various points to various points.

In case U field is uniform, which means that U is
the same for all points, the material only
translates in the space (no deformation).

Deformation occurs only when

u field is not uniform, which

means that U varies when
changing the locations.

Warning: there are cases that
u field is not uniform, but no
deformation occurs

(We’ll get back to this later).



Displacement and strain

In case U(Xq,X;) is not uniform (case 1)
u(x; + Axq, X, + AXy)
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Displacement and strain

In case U(Xq, Xy, X3) is not uniform (case 1; pure stretching)

Non-uniform displacement field
does not always mean that the
material is ‘deformed’.
Non-uniform displacement field
may contain a contribution
from ‘rotation’.

In case U(Xq, X5, X3) is not uniform (case 2; pure rotation)

Therefore, if you want to
‘extract’ only the ‘deformation’,
you have to exclude ‘rotational’

contribution from the
displacement field.



Displacement gradient to strain
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This excell sheet proves a means of coordinate system transformation
angle radian
phil 45 0.785
Three Euler angles Phi 30 0.524
phi2 20 0.349
transformation matrix R (transformation matrix)*t= RAt=RA-1
Az U |
cos(phil) 0.707 sin(phil) 0.707 0.455 0.874 0.171 0.455 -0.817 0.354
cos(Phi) 0.866 sin(Phi) 0.500 -0.817 0.334 0.470 0.874 0.334 -0.354
cos(phi2) 0.940 sin(phi2) 0.342 0.354 -0.354 0.866 0.171 0.470 0.866
2nd rank tensor in matrix form R.T RAt.R.T 2nd rank tensor after coordinate transformation
1 0 0 0.455 -0.874 0.342 -0.498 -0.503 0.766
0 -1 0 -0.817 -0.334 0.940 -0.503 0.998 0.643
0 0 2 0.354 0.354 1.732 0.766 0.643 1.500}
1st rank tensor (i.e., vector) in array form R.v 1st rank tensor (vector) after coordinate transformation
1 0.4550193 -0.8172866 0.3535534
0
0




Recap

Measurement of force and displacement from tension tests

Physical quantity to remove the effect of geometry: engineering stress/engineering
strain

Two types of stress (strain):
Normal (tension +, or compression -)
Shear (forward +, backward -)

There are three independent planes in 3D; On each plane 1 normal + 2 shears.
Thus nine independent components comprise the stress (strain) state.

Coordinate transformation (axes transformation)
Coordinate transformation does not change the physical quantity (stress, strain)

Coordinate transformation changes the values of components and the directions of planes
associated with the stress (or strain).

Practice coordinate transformation using the Excel, Fortran code, Python code.
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