Stress and strain:
Stress tensor
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Elastic portion = o}& 0| K| A &[H o
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Plastic strain= elastic strainOi| H| 3l
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M HAE S| Bt 3|2 (Springback)
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RH Wagoner, H Lim, M-G Lee, IJP 45, 2013 p 3-20



Internal stress of materials in force equilibrium

(a)

- YEO Fts 20| 289t

(force equilibrium)

2= O[sligt7| O HLCHH, 27
(b) — TE2E VI 25 =M E
f M 2+ SH E XY
. (internal forces)= &4 £ 7| 25}
Hraki =% gishof| = 2l o] &f8gtjt?

(¢c)

(d)

Fundamentals of metal forming, R. H. Wagoner, Jean-Loup Chenot



Recap: Tensile stress acting on a plane
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Recap: Compressive stress acting on a plane
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Only two types of stress components: A;‘ XCF 224
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stress state (& & 2 E)

[r2tA, SEEE= S 97l 84 d22= #3325 UL
970 +EddE T 37HX|= =& dE(normal components)O| 11, LIH X| 67t X| = T Et
‘A= (shear components)O| Cf.

A vector (1%t rank tensor) consists of three components in the 3D space.
Example in 2D
A B S S BN F3|7t EZ L2 10m/s, EF 22 5m/s 2 0| 5F0|2tPH?

Example in 3D

oror TAH|7h 3 WM MEf2LD A2 E o7 S PHNE 5 2 et
EalMBoR L=} (S Mo CfEA)
1 HdH O LL — VO 1 — o O

Static condition
Quasi-static condition
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Stress state and stress (tensor) components

Stress is defined as the force (load) applied to a certain area

et A de2 GEN QL SEYENOAM O =2/ 2/ AH[O] A2t O3l &
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IESH= QA SE U HHESH | 2 oFSol0}

50| X8 BIR T WA A2 (MTh

50| K83 IR T R0l HQ (U, QUR
=29 82, 9 §EHE A:EEf B.9C|>7c‘>'—?—7f =I5l ULt O] HHSH|
FloiM = ?lel A2 =2 4 =2|&= 4t (AL value, quantity) 2 2 LIEFLIH




Directions In stress

Two types of directions are involved for stress state:
1. The direction of force (&l 2| Bf2k)

2. The direction of the area (plane); which is usually represented by the normal of the
plane (10| 2} &dt= HO| &)

These directions can be also represented by ‘values’ if you refer them to a certain
coordinate system;

The magnitude of ‘force’ can be also ‘quantified’ — that means it can be represented by
‘values’)

F

2XH2! ZHHE A|(x-y coordinates),
2t M (plane of interest),
F 2

|22 2l (Force)
_F
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Invention of Cauchy stress tensor A SHHEIA

Cauchy found that only nine independent values are required to fully describe a
stress state; Any arbitrary stress state can represented by Cauchy stress tensor.

Before learning more about stress tensor, let’s review the stress; What is stress?
You might have some fundamental concept about stress: force/area




Stress at a material point

dot 37| & 7H% Hol| 21 85t= &= 0|85t Mot 37| & 7%
‘o L'SHA A ESH=E 382 HA; Within the area (denoted as A),
the force is homogeneous.

rg Jjm

2ot M=o 82, 50| M=o 4 FOLE EHE 4= 7HXIH =2 | RUCH O]
ot7| ?loll A, Zf -’ OtCte| S5 JEIS Hoieh o= A0 OF otCt. kA Of 2 &2
MOz H

E o = =
zjol geie B sttt & 4+ Uk 0|2 Fe Moz

o = 7t&9| ‘M 0| oF =& ™ (material point)| =50 QUICtD 7H7ESCE 2|0
Fota FEE 0|89t 38 HE|E HES= UHE (S 'I:i|)\'|)E & OF &L K},



Coordinate system and basis vectors

o= ZtuAE YL EA 2| 20| &= LSS normal vector (F
A7[7r 19 HH)Z H91.
Cartesian coordinate system+— orthonormal coordinate system
MZ =25t M| normal vectorE H310| 75 S}Lt,
e 71 M| normal vector= = basis vector= A StZICH 2|10 ZF2)

€1,€, €3 = LI'El'LH Zﬂ'-_-l'

2 LEA 2 S5 HAY E HA 2] & (component)=
5 !



Cauchy stress tensor
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Cauchy stress tensor
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Shear stress (and its sign)

a .




2D stress tensor representation using matrix

= T S O T SLE| X< SHE S =
ZO0\E (xy) AHEATL, S2 (o) — ) FHEATH BES| FOIHCIR A 0| HEIS
2 Bl = UCE
Fy
Oxx = 5
Ay
5 = Oxx ny] _ [011 0-12] o = [011 le]
Oyx Oyy 021 022 T21 032
JEFEE T (tau) 7|27} T EFE S normal
H=
oro = ALRBIX} stress component et LE317|
ol SF A-E=ILt.
Warning: a tensor is not a matrix. We just borrow the
7_I|_ %Eﬂ# )8—5—0“ %OIJ 7&1 X|_ ‘%I EH 9_| form of matrix to write down the tensor components.
—?(1,2,3)% _5H ch M —E—J__'|' 24 Q= basis There are cases where you cannot wri‘te down the
vector(el, e, %% eg)g 9_| |:|| o|_|.|_—_|. tensor.compo.ne.nts to.matrn.(;
Tensors can be in multi-dimension — like 6, or 9.




3D stress tensor represented by matrix

ZD%E=| E'||A-| |§| F

0o =

I [O11 ] 012 J13]|
{021 Oy, 023‘ It 2. normal of the plane
031 | 03, 033 18 ZHAH direction of the force

The subscript number refers to the basis axis, with which the associated direction is parallel.

| 2o H2E(7|S)0f =0l MEES
SERS 2 9l #0 22 e/
o




SHE S ke BZHY S| HE
L tﬂ._l'.ZXEIOI_H-——lE

= AH | Force ZtHE A (coordinate system) HEH2 Xt H =

- () (coordinate axes) HZ2tQ 2 & = ZILC},
e, 1. Force vector, F EEoF =0 %l
ZtH A|(coordinate system)O| F=[F, F]
ULHH HHO| HEj= HH 75
(e
22%2‘5 \\\\~.‘\ F1,F2E2|SO'II|_I}_|'E7:” (elieZ

AESHO M # 7ts

basis vector= O|F 0] Z£1)0j| A
H A=l Force vector Fo| A&

(component)
Yoz HELO ot H = =0t
CH &l 72 S M| (bold face) AFE.
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< AE =—p Force
(=)

F = Fie; + Fe, = F1é, +

VectorE LIEIL = EHHEA
Force vector Xt X|2| 2|2
= A|HO| 2t 85l= 22
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et 6, = ZtEA 7| ‘2t A| S OtCHH F1, F, =
HI®IO 2 f, F, 2 /B#Hek & = QUC}

. 0| o] ‘H =V = transformation,
€1 = form’ (Y EH) 2| trans (HHH)

. (@)
Transformation<= Z+

basis vector{ 2|
2AZ2 28O0| 7t




2AA ErEA L 4 of ZtEAO| M CHE ZHEA 2
=7Io| ZtE & ‘H2P S A|F{F &= direction
B35 2{ M cosineg2| 28 AE'E HT
7
V4
Old co. sys 7
[e1 ez] 7
» Old Co. Sys. 2| j H1 R basis

Q. vector2} New Co. Sys2] i
1) B basis vectorAtO| 2]
direction cosine

direction cosine? CF=2+0|...
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Quaternion (convenient mathematical notation for representing orientations)
Rodriguez (a vector and an angle; any arbitrary orientation; misorientation)
Euler angles (Bunge notation (¢4, ®, ¢,) is widely used — ZXZ convention)

Transformation matrix

A LaTeX script to generate below illustration:
https://youngung.github.io/euler/

teangp @22 = C0S(022)

Old co. sys.

[e1 e ej3]

A1 Ay Q43

é | [[#11 Gz Qi3
' [ ] ME CHE & ZhE Al (axes,

o 12 ME x,x,x, 2 O|Z01Z
SEALD xprox 2 020Kl & coordinate)2| 22| 2HAH 7} StLLC)

CHE EEA 27} LIEFLFQICE ZHEA| 22| Fe=————c——c—cdacccccc oo transformation matnxi _-H-_ O|_:| EEII .

as31 dzp; dzz

New co. sys.
o
N

x'; basis vector@ FLEA| 12| 4 basis | 1 Transformation matrix (not tensor)
vectors 2| BAE ayy, ay, ap3 & | - m e -

direction cosineS. 2 H ML},



https://youngung.github.io/euler/

1

Old coordinate system

e, &

F = [10N ON]

10N2| 0| 2E

2 X2l coordinate system?H0j|
Hiak O = (A A BHER Btk ccw

o o
7|&E)e
LEEHE == QUL

| 2t 2| % angular rotation2 £

% =il

New co. sys.

|

€
e,

Old co. sys.

[e1 €]

] [‘111 ‘112]
a1 Qzp

[t2tAM —6 2 old
Coordinate = CCW
2| TS ™H New
Coordinate”/| =L},

a,; = cos(—0) = cos 6

a,; = cos(90° — @) = sind
a;; = cos(90° + 6) = —sind
a,, = cos(0)



AR HIEO| Rt HB H 7|42

I

2XHe coordinate systemZtOf| 2= oF F, = cos 014 F, + c0s 015 F, = ay1Fy + a5 F,
Ijol-%:gE(Alﬁlul_l-EHHl_l-%l:CCW 7|Z'|_S)9-| '7_||"9_|IX_‘| 1_‘,' = cos B, F, +cosO-- F>, = a--F. + a--F
angular rotation2 2 LIEH'A = QUL 2 2111 22 I'2 2111 2202

a5, = cos(90° + ) = —sin6b

a,, = cosf

e} & j=1,2
2t —6 2 old Fi = a; Fy +a,F, = z aq;F
Coordinate & j
ccw 2| HSHH j=1,2
0 e New C0Ec|>|r:dr|nate7|' F; = a1 F; + axF, = Z az;f
e — . j
€
Old co. sys.
: [€1 €] B
% é] a1 a2 a11 = Cos0
S [éz] [a21 Clzz] a,; = cos(90° — 0) = sin0
P
()]
Z




QAR BB | 2y B2 H 7 (43

|

Fl = COS 911 F1 + cosS 012 FZ == a11F1 + a12F2
F"Z = COS 021 Fl + cos 022 FZ — a21F1 + a22F2

j=1/3

j=1,2 :
, ) Fi = a1 F; + a2k +agsk; = Z aF]
Fi =aq1F; +apF, = Z a4 =
. sxteloz N
]_=]1’2 =I9S) F, = a1 Fy + axFp + azsFs = z az;F;
4 -_i
F) =ayFy +azkF, = z Az; k] . Ny
F3 = a31F; + azF, + azzF; = z as;F;

J .
j

$19| 20| X| B, ZH et}

8 HEoEH dAEM ojddE 4 [ L L
[F2rA, 2AtA dEdiE= A

| 25|,



2XHQl HIE{O| ZHE Bt H |44

3

Fi = a1 F; + a;,F, + a;3F; = z aq;Fj
j
3

Fy = a1 Fy 4 axF, + ay3Fs = z ay;F;
j
3

F3 = a3 F + azF; + azzk; = z aszijF;
j

a1 aqp Qg3
a1 Ay QA3
aszq1 dzp; A3z

AUSHA O 7| o H
tensor”/} OfL|LC},

Transformation ‘matrix’.

U= O S ZUSHAH . Bt coordinate system (e,
i=1,2,3) Ol A & 7| =l BIE{ vector F& &£ CHE
coordinate system (é;, i=1,2,3) 2 2 HZl
(transformatlon) ol= 2= 5 coordinate
system= ‘0| 0{’3== transformation matrix [a;;]
£ AMESH0] ChE 1t 20| 5t 0|8 ==
ULF.

Fi = Cli]'F]' (l,] = 1,2,3)
2} 2O BF=E| = indexO| CHet

‘summation’O| M Ek | ILCF,

HICH 2 §0t5,_| HtAlO 2 B3 El tensor
operatlon = B MEFE summation 7|22

L} OF 3l LY Of OF THL}.



AR I O] Zf

H 2 7 V| #5

|

2 X2l coordinate system? O 2HA|
Higk O = (A| AlEtCH EtSkccw 7| &)
angular rotation2 = LIE}'EH = Q!

Old co. sys.

[€1 €]

[él] [a11 ‘112]
é,] laz1 az;

New co. sys.

|

L 3}

- L

o| 22|
C}.

[CH2fA —6 2 old
Coordinate & CCW
2| TSHH New
Coordinate”} EIC},

a,; =cosf

a,,; = cos(90° — @) = sin0
a,, = cos(90° + 8) = —sinf
a,, = cosf

—sin 8

a1 a12] . [COSQ
sin@ cosé@

az1 Az

el
er

n
>

€

[(111 ‘112]_ cos 6
—sin @

a1 04z

[h2tA 6 2 old
Coordinate =
ccw 2| T oHH

New Coordinate”}
=IC},



TEH M2 2nd order HIA

Vector2| &% Zf componentd| basis

vector7f Ol"—"'&l P.;"EJE:! Einstein summation convention

O Ql4+ErQI
2nd order tensor2| A% 271 2| basis S
vector7f BHEAE! (30| wsET} B o| B

]

E}O|
—
=
H

40

3

3
Z Zazkajlffkl = QA1 0k
k

l

ai1 412 Q4i3
R=|a, ay, ay; A= O| RO| transpose
dz; d3zz dz3 operation= ...
ZtHE = matrix2|

RT: transformation & & R2| transpose; (RU)
transpose?

e T
RT: transformation & & R2| transpose; (R;;) = R™?



Transpose operation G| A

Cr=1F &2 transformation matrix7F =01 & UL},

0.848 —-0.528 0.044
=10.530 0.845 —-0.075
0.003 0.087  0.996

[IJ|O

2| transformation matrixe 225+, old coordinate system| A{ [1,0,0]12 E
#H7|k[= HE 7 X7 Hel 2 O{EA v =X 4 884 [xy,212 xy,z
—_|-|-'<'5|-A|2.

£ transformation matrix2| transpose &l 2= —_rL'c'J'L_'l_
x,y,z HE{ S H=2ol ChZF [a,b,c] 2 7| &|= B E 4f= 1 SHA| 2.



TraA #Hete| 2|0

=2 0| M &A= Ereo| 2R
S

INE
SHEXEOEE S2(H o0 BA 2 s TA| e =
ol=2 2 E AEA Ll &2tEl0] 280t , 22| BMA = A& A ZE A 0
o 5L}
T = .

MO HEf = Boik|l= 223 (B2 =28) =& ZHEA T 28 B =

of= HIA Q| it7|t”(°*¢)01| o5l HIM 2| dZ =0 HH =
2 = .EiH ot= 27| B(FH)0f e 0 T ZfrA O A £
ChE e A = B O =M BIA 2 ’8—'?'—3I§0| O Hot=A| &4 E L,

HIA L ‘rank’Off [2FA] ZpE A L 2HE O] O E A BHY =X ZOFE QAL



Inner dot product

Tensor 7| = E indexOf| 24| E7|SHX| @411 bold-face symbolZ H7|SH7| = &t
O:”) Ui]' I:H (] O'E, Fi I:HA|_| F = :H'_7|

Inner dot product= EllAM @} Ell A{Z7+O| O 2] operationS Of| StLIE, 205t =
£l K 2H9] *OHE index 7} 12 0| £ 0f E{ 84| = (summed) &1

A EQUE HIE O Xt HEH B (coordinate transformation)= bold-face =2 H}H

center dot= *f% [ ®#7|
F=R-FE H7|
F; = RyF; (matrix FEE 2o index§ &7 ot= H)

2nd order tensorl| ZtHEHZIZ

6=R-o-R"!
L Ty _ _ _
6ij = Rixopa (R )1]- = RikoriRj1 = RixRj10k1 = RjiRk01



Double Inner dot product (= tensor contraction)

Work done to an infinitesimal material point: Summation
3 3 over. a pair of
index
Work done = 0'@)81] = z 2 Gijgij
1]

= 011€11 T 012812 T 013€13 T 021&21 T 022822
T 023E23 + 031831 T+ 032E37 T 033€33

Colon 7|2 (:)E double inner dot operation (=tensor contraction)=
LHEFHE.

W =o0:¢



2nd order tensor2| symmetry

Centro symmetry (B2, paired force — due to force equilibrium)
H™O0| Chot o

Force (== momentum) equilibrium -> Diagonal symmetry
_ T = _

6=0 = Gij o Gji 011 012 O13

o= [0'21 022 0323

031 032 033

O12 Oz 033 component”ZF Z=XY...

[0'11 012 0'13] [C2tN, S 6702 S & A QI
013 023 033




=l 77| 8

=2 22 LA ‘Greek’ alphabet= 7

ZrEA 0| 2| ‘d = (component)dtS EP15H= indexS TN
subscript (7 superscript)2 20 LIEFHC}

ScalarS HEAol= 7|§Oﬂi OIS AT} QIC -

O: 2 (m) 2% (p), ==(T)
vectorOf| = QIS A5 StLt 2 QICt
ol: £ (v;), & (f). Ol Ztindex= 1,2,3 5 M7 2]
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3rd rank tensor= A7 Q| QIEIA =

4t rank tensor= L[ 72| QIEIA E 3x3x3x3, 8170 2| T+ =

Q.
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Scalar= 0t rank tensor, vector= 1%t rank tensor
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No. of Indices (=No.

type of transformation Gl A|
needed)

Scalar 0 mass, density
Vector 1 velocity, force
2" rank tensor 2 stress, strain
Piezoelectric

3rd rank tensor 3 .

moduli
4th rank tensor 4 Elastic moduli

A0 Moduli= modulusl| E4A



Transformation rule for tensor

Follow this link:

https://youngung.github.io/tensors/



https://youngung.github.io/tensors/

