Stress and strain:
Basic concepts
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7| AE =80 A HtHE S2|F
S H (stress)
HHE (strain)
TR/ SHQ AR A /MEt HE E Q A (normal and shear
components)

xS0 B2 2|0 A=
Hl A (tensor) O| Sl

Coordinate transformation rules
Coordinate transformation matrix
Understand Einstein (summation) convention

Euler angles
Practice coordinate transformation to vector, 2" rank tensor using Excel, Fortran, Python...



Mechanical stimulus/response

Force
Deformation

Stress
Strain

Size-dependent

Stress

Size-independent

Stress

Strain

2tA|: material property

Strain

Constitutive model;
Constitutive equation
TAYHA



Mechanical stimulus/response + property

A A=t A XAr=22 2 7| Qo 7| AN BES ALl o] 2HA| S

Odefet AANE|= o2 FEj o =& D@ o = LIEtE == RULCH
O ESO|CHE ot 22 F= A& O|CH (Xt =2 HE)
akoF 7| & RF2at #HS 0| A& H 0|2} 327
X

UhS= MELKRLT + A2
y=ax+b O HEf (xotyi 242t XH3 T} EHS, a9 b 2HO| ¥
X3 = whS /41 42

|AH A=1t 7|AH Bts, 22| O 59| 2 (ZHERe o 52| Bhd)

o = Ee (0: &3 E: elastic constants (modulus), : HH &)

AN At=1p 7| AN 2S0| 02 B dF X0l 2 7t 47
O: 252 28 - 7|AH A=0]| S&5| & W LtEH

2 =7, % (T0) U oA LHHEE S5 o £ O HMEH BA S ROl
Ts

7| AE Rr=1F ™ 7[ A 28, A2[10 1 F2| 2HA (piezo electricity)
e = dFE (e:strain, d: piezoelectricity constants; E: electric field)
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stress component)S T & | At
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o= 2| S F (from Callister textbook)

H=5

Oot=

(compression)
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Images from Callister, Int. MSE
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SHIIHA S S 5= WHO| CHl| ZHEHS| 2| =dl| 2 X}
Q. €= 2% (uniaxial tension test; uniaxial tensile test) 210f| CHSH Hi & =72
Q. €= A= O|H 7| AN HEHEZZ F5E = U7t




Tension tests

(Uniaxial) tension test: the most common mechanical
stress-strain test performed in tension (2! &)

Al H(specimen)2 =2 Lt 1| (fracture) 7| 2 det
I 7kX| =74 £t

Dogbone 2 FO| A|H

Load-cell: A|HO|| 7tSH Xl forceE A

_ N Tensile tester
Extensometer: A| 2| Z 0| (elongation) HZIE FHH

Reduced section

i 60 mm i

-—-—1—-——-12.8 mm Diameter—— {——-—X-19 mm Diameter
'

l 50 mm ! Z\
Gauge length 9.5 mm Radius

Extensometer

Load-cell

Images from Callister, Int. MISE
http://www.epsilontech.com/products/axial-extensometer-model-3542/



Measuring strains

Measuring Relative
motion of two points

Strain pertaining to a smaller area (point)

h’.ea:.ned St ra i n ga Uge

resistance

]

;I-l II III I

||Il|ll||\l|
Digital image
correlation

Mechanical extensometer and gauge
blocks



Broken and new test piece
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- Material with yield point

Channel name MaterialsScience20600 - Material without yield point

in youtube:



https://www.youtube.com/channel/UCSIb8aIGcp7Trr48SAUaCvQ

Tension tests

Calibration

% calibration data obtained using gauge blocks

08 - 04 - X
X
0.6 - 0.3 - X
; X
0.4 - =024 X
X
X
X
0.2 1 01 X
X
X
X
0.0 1 0.0 -

-2 0 2 4 6 -3 -2 -1 0 1
Voltage changes from longitudinal extensometer [V] Extensometer voltage

Voltage from load [V]
Calibration

[ ]
[ ]

Load cellZ} extensometer= M 7| A
M= E ECOH M7 A Lz of HX
physical quantity (Force &= Z 0| a2
H3} = calibration= &0l HEH A|ZICF,

Force [kN]
N




Tension tests

Force [kN]

N = Summary:
o Load-cellZ} extensometer= M 7| A
. =2 E |OF 2Ly,
o Load-cellZ} extensometer2| calibration
2] 4| O|E & ZE3H Force2l displacement=
H 2t SHS T
H = Force and displacement= A|EHS| 27| 0] L2}
N HSHTE el 7| AN Ed2 B
0.0 0.2 0.4 056 0.8 &.'Exl o L_-|'.
cisplacement finches} = A|EHO| J7V|0| REtot F2|FH o 2 HH =
AojHe

= O|EA AlHL[ A7|(7]3 P§.48¢)§§I¢§f(7f%5mﬁ 2t 5| K| AH) oF7| 2{shA
SN HEES A|--9-o|-02| :

FCH
= Force2} dlsplacement 212t S HAE = T =215H0{OF otCY,
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C!'S (tension and compression)

b A — — —
Y 2R AZHO Ao = 20| A, 0 2 FE2signl =

OI& 2 2if HAEZ positive value

A= 2 2} HHEO| negative value

CHA| @1 20| &= 20| B[S &O0|SHL.

Disk compression test is a popular
method used to measure
anisotropy of sheet metals

Fig. 4.4 Disk compression specimens for TWIP940 before (left) and after (right)

deformation. The left one is original, the right one is deformed.

Xu Le, POSTECH, Doctoral Thesis 2011
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Compare engineering strain/true strain

True Strain

Engineering Strain

http://www.continuummechanics.org/images/truestrain/true_vs_engineering.png
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(shear test)
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(shear test)
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o =Ee (0: 33 E: elastic constants (modulus), €:

| AA A= 7| AH ghs,

f| 2| 2t A Al 2 Hooke’s law = = ZIC}. H| g

Elastic modulus

Elastic Constants

=
o

Young’s modulus

2 ZH| A 2| = (material property) O CF.

=

Hooke’s law2| E
[Cr2fAl X§ 2 0FC

|l= SR Ol= Bf& J0lM O ZO0HE X}




Flasticity (EF): thought experiment

Let’s conduct a thought experiment as described below

1. Suppose you are pulling down a 3. The pulling force decreases and
metallic specimen whose upper end eventually you let it go.

is ‘fixed’
1. Initial 2. Small load 3. Unload

o000 F inear elasticity
@08@bonds
stretch Nonlinear
0008 elasticity
return to )

initial
T * Elastic means !

2. You are pulling the specimen harder and
harder — meaning that the force at the lower
end increase.

Usually metals show linear-elasticity

Non-linear elasticity is observed in polymers, rubbers

|—J

A E0] (UY) H|&|30| Bhd= 2|0|otX| =L B

54 d2 A E8ZHO| NHAHE =
o Z9| Eﬁ 2 =2 st LE7} 7|F 0|t

*o—=|| 1T OO T
N =]
1O

I'_>'._



Slope = modulus
of elasticity
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Strongly
bonded

Force F
o

Separation r

B3 MENO| A RIXF 2| S WAL 1 TRt g2 9o
JimoAo] 7127 (0] 72717+ EHY A%t 2A)
M2 OC} o HOIA 2] 718717 CHE 4 Tk (2 20l S4)

Fig. 2.10a
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° ° Modulus of
Elasticity Shear Modulus
a S I C I y Metal Alloy GPa GPa Poisson’s Ratio

Aluminum 69 25 0.33
IBrass 97 37 0.34
o Copper 110 46 0.34
10mm9—| Xl%% 7|'x|_| %I'% EII- I:H Oﬂ Magnesium 45 17 0.29
A= dHisto 2 O| %t 22 Nickel 207 76 0.31
X2 A|H X2 S 25%10 3mm 2 Steel 207 83 0.30
A*A 9|iE1| E|_9_'6 _CI)-l-K ShHhe Titanium 107 45 0.34
T | — = — S ( I:I) = Tungsten 407 160 0.28
Tojat Hae e edo =
78 do)
F=0A, = a(—) T (1)
F 2
T 2
v=—-2=034 (2)
VA
oy z
g — (>
_— % g, = Ad _ —2.5x1073 (3)
e X dy 10
| | x
I | [ —s | S L. With (2) and (3), you'll get &,
| | 0 0
| |
: : Ad _ di-dg .
| | S » Knowing [E ande, you can get the stress
| | —
L _ B o = Eeg,
i S

Using (1), you can obtain the force.

i




(plastic deformation)

ok

Upper yield

point

Lower yield
point

Uy

Strain
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(b)

Yield point
phenomenon

(a)
Smooth
transition

Yield point phenomena (more details in next

slide)




Yield point phenomenon in mild steels

e Liders band

Nominal | * Upper and lower yield points
stress o

Observed R, -

L)

Observed R, Fracture

(g Elastic

region

SR —— .

Plastic region
(plastic deformation
band, Luders band)

Longitudinal section
of cylindrical specimens

i

i

-

Nominal strain ¢

* Schwab and Ruff, Act Materialia 62, 2013 p 1798-1808
* (Luders bands image from https.//www.doitpoms.ac.uk/tlplib/metal-forming-3/plane stress.php) - which is
originally contributed by Mike Meier, University of California, Davis



https://www.doitpoms.ac.uk/tlplib/metal-forming-3/plane_stress.php)-

Plasticity (Z22‘3): thought experiment

Let’s conduct a similar thought experiment with an increased magnitude of force

1. Initial 2. Beyond Small load 3. Unload FA

bonds stretch

& crystal. 0 plgnes

planes slips R Still linear linear
due to /8| sheared elastic elastic 5, §
dislocation 5 plastic)

motion

Even after the external load is removed, the material does not fully recover to its .
original shape. Plastic means



OI& LT (tensile strength, tensile stress)

WA= strength®f stressS T — =32 8F & X (strength)= ArS. SHX| 2 ol &
H=0j| A= 50| +26FXA| R ZICE - since the exact meaning of the term may
depend on whom you are talking to.

e b
joox
O%FE
o — 0%
~

Ho 4ot
=
1y

X

Stress

It o[ off O =Lk (F).

« TSTHA|= & LSHhomogeneous) H Y.
J0|2=2=otR 20| HAO| HE
O|2 QId, ot &2 ZHO| =X/ &=
o1 2k (necking) 224,

o TEX= Y HYE AL FO T
Sts= 74 OfF otrt.

Strain



How to extract mechanical properties from stress-strain curve

Stress (MPa)

500 —

400

300

Tensile strength
450 MPa

Yield strength

200 " 250 MPa
/
/
/
| /
100 /
/
/
| I
0 0.005
5 | | |
0 0.10 0.20 0.30

0.40

YS, TS, E.

* You should be able to

graphically illustrate how to

obtain these properties.




Force required upon plastic yielding

Suppose that the yield stress of the
material is 300 MPa (=300x10°Pa).

F
T * Q1. If the initial diameter Dy, = 10
<—do—> ._'Z%” \ [mm], how much force is required
e S for this material to yield, provided
: | i} that the yield stress of 300 MPa is
| | N A an ‘engineering’ quantity.
I | L — = =%
E i _Ad _ %i—do .
| | =35 T T4 * Q2. Repeat Q1 for the conditions
-—'a\\ ,/5 that the yield stress of 300 MPa is
: D e an ‘true’ guantity and the Poisson
l ratio is 0.3.
F

* Q3. How different is the answers to
Al and Q2, and why is that so?




An elegant way to express this?

You have imposed a stress state,
You have to separately calculate the strains along loading axis and the lateral strain.

It’d be much nicer if we can do it in a more systematic way — with (seemingly) a single
equation...

Isotropic constitutive law:

0ij = Cijri€rg >0 =Ci €

with C;jx; being the elastic modulus herein. For the case of isotropic elasticity,

Cijki = 46051 + n(6ix b1 + 6116j).  A: Lame’s first parameter u: Shear modulus
With the above, the Hooke’s law can be more explicitly expressed as:

0ij = {16;;6k1 + 11881 + 861 Yem



How to use?

Ojj = {A(Sij5kl + 1(6ix6j; + 640jx) Y
For uniaxial tension with ;4 = 100 [MPa], what strains?

011 = 100 = {1811 6k; + 11611611 + 61101k) J€k
012 = 0 = {18126k + 11(81 621 + 611021 Yer
013 = 0 = {16130y + 11(81x 621 + 811631) Yei
021 = 0 = {18216k + 11(82x 611 + 821611 }era
022 = 0 = {18226k + 1(62k021 + 621621) Y&
023 = 0 = {A8236k1 + 11(621 831 + 62183k) Jeki
031 = 0 = {18316 + 11(83x 611 + 831611) }era
032 = 0 = {18326k + 11(83x 011 + 63101k) e
033 = 0 = {18336 + 11(83x 031 + 83103k) Yer



How to use?

0;; = {166k + (8181 + 8:6j1) Yery

For uniaxial tension with ;4 = 100 [MPa], what strains?

011 = 100 = {16,160k + 11(61x61; + 81161k) Yen
— 100 = {348y + (61611 + 61101k) }en

For,012,0 = {16120k + 11(61k 621 + 61102k) }eki = 0 = {A6k; + 11(61k 021 + 61102k) Yok

€110 0
- 0= [/1< 0e)0 ) + M{Z (Z 011021€k1 T+ 51l52k5kl>}
0 0 &33 1

k

0 0 é&33

[ /&1 0 0
- 0= A( 0¢&,0 >+ U 2(5115%31(1 + 61k 0228k2)
i 0 0 &33 k

&1 0 0
- 0= /1( 06,0 ) + M{Z(51k5215k1 + 81102k Ek1 + 01k0228k2 + 61202k Ek2 + 8110236k + 51162k€k3)}]
i k

- 0=

€10 0
/1( 0¢,0 ) + 3u(811812 + 822621)
0 0 é&33

= 0 = [A(eg1 + €22 + £33) + 3uler + €21)]




