Stress and strain:
Basic concepts
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Shear, normal components of stress (strain) state. (=&/ Tt SH QAL =& /ATt
HIAE Q)
L. O

Tensor O| S|
Coordinate transformation rules
Coordinate transformation matrix

Understand Einstein (summation) convention
Euler angles

Practice coordinate transformation to vector, 2" rank tensor using Excel, Fortran,
Python...



Recap: mechanical property

Q) What is material property?

Q) What principle is applied when obtaining a mechanical property? — stimulus and
response.

When load is applied, the shape of metal will change. (21 0| 75| X|H 2 F0| H3}

High strength
Intrusion resistance

High ductility
Energy absorption




Mechanical stimulus/response

O 4
Force Stress
Deformation Strain » ?
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& °
Size-dependent Size-independent ‘
. £
Strain
Stress Strain .
Constitutive model;
Constitutive equation
AU A

2HAH|: material property



Mechanical stimulus/response + property

AN A=1AX=2 2 7|2k 7| AN BESA0| 2] EA S

Q2|8 HE 2| 0f2] HERO| 48 BYO R LIER 4 QUL
02| 2 S0| CHE 481X D82 Z2 M o|Ch (LA} &H4o] HE))

akor 7| A% XF3 1t 8HS 0| MEH 0[2tR7?
A==dE1x83 + d&2
y=ax+b 2| FHE (yoIx= ZZ BtS 1} Xt alf b= =2 2| HE)

J|A® XF20t 7| AH §HS, 08| 1 0 S| BA| (ZHTHS 0f: 240 EHY)

o = Ee (0: 83 E: elastic constants (modulus), : H& &)

7| AE A= M 7[ A HES, 2|0 11 F 2| 2 (piezo electricity)
e = dFE (e:strain, d: piezoelectricity constants; E': electric field)
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Tension tests

(Uniaxial) tension test: the most common mechanical
stress-strain test performed in tension (2! &)

Al H(specimen)2 =2 Lt 1| (fracture) 7| 2 det
I 7kX| =74 £t

Dogbone 2 FO| A|H

Load-cell: A|HO|| 7tSH Xl forceE A

_ N Tensile tester
Extensometer: A| 2| Z 0| (elongation) HZIE FHH

_ Extensometer
Reduced section
| 60 mm |
| |
4
-——-—1—-——-12.8 mm Diameter—— {—— - —+« -19 mm Diameter
| | t
| 50 mm | Z\
Gauge length 9.5 mm Radius

Load-cell

Images from Callister, Int. MISE
http://www.epsilontech.com/products/axial-extensometer-model-3542/



Measuring strains

Measuring Relative
motion of two points

Strain pertaining to a smaller area (point)

h’.ea:.ned St ra i n ga Uge

resistance
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;I-l II III I

||Il|ll||\l|
Digital image
correlation

Mechanical extensometer and gauge
blocks



Tension tests

Calibration
x* calibration data obtained using gauge blocks X
x
X
5 x
06
-] x
=)
E x
£ 04 X
2 v
2 X
= 02 x
x
0.0 ! T L) l
T T T _2 _1 0 1

-2 0 2
/ Voltage changes from longitudinal extensometer [V]

Extensometer voltage

Load cellZ} extensometer= M 7| A
ALE=R =l W S ) S R Rl = D |

physical quantity (Force &< Z 0| 1]
H2})= calibration= &0l HEH A[ZICE,

Force [kN]
L8]




Tension tests

Force [kN]
2%

0.0

0.2

04 0.6
displacement [inches]

O|ZA Al EHL| A7|(7
Floi A S =} tH
Force2} displacement

A=

27

0.8

Summary:
o Load-cellZ} extensometer= ™ 7| A
Mo 5 HrOF 2L,
o Load-cellZ} extensometer2| calibration
4| O| B & Z3H Force2l displacementZ
H 2151 A L
Force and displacement= A|H 2| 3 7|0
[} SHOHDE, [EFA], 7|71| HdEd=S
A HSt=0 A AKX GCY
AEO| 7|0 &2t 6._ =C| O 2 HH =
A0l ER

23} (7FSStEHE 25| HA) 5t |
oLt
A== 2ot O]OF oLt
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0.25

Step 2
In(1+¢€) =0.2231 ...

15mm — 12mm
12 mm

€
&

Step 1

= 0.2

e=In(1+¢€) =0.1823..,

12mm — 10mm
10 mm

E =

= 0.5

15mm — 10mm
10 mm
e=In(1+¢€)=04054 ..

E =



C!'S (tension and compression)

b A — — —
Y 2R AZHO Ao = 20| A, 0 2 FE2signl =

OI& 2 2if HAEZ positive value

A= 2 2} HHEO| negative value

CHA| @1 20| &= 20| B[S &O0|SHL.

Disk compression test is a popular
method used to measure
anisotropy of sheet metals

Fig. 4.4 Disk compression specimens for TWIP940 before (left) and after (right)

deformation. The left one is original, the right one is deformed.

Xu Le, POSTECH, Doctoral Thesis 2011
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B CHAEHE
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10 mm 8 mm el =ige]
e=1In(1+¢€)=-0.2231... e =In(1+¢€) =-0.4700 .. XK B S 2 0
il LLo=L
&L,
: 5mm — 10mm
Try this at €=—713 =—0.5
mm
Google e=In(1+¢€) =-0.6931..




Compare engineering strain/true strain

True Strain

Engineering Strain

http://www.continuummechanics.org/images/truestrain/true_vs_engineering.png
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Stress and strain:
Stress tensor
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Internal stress of materials in force equilibrium

L X,
(a) =0 Fel= 20| 2-8dt= U7 |7t &2 B AEH0]| =0 UL} (force equilibrium)
(b) ZCH LSO 28 St= & (internal forces)= A HE 7| 23 72 X2 W (2 o] Bhgku} =4
Hieh ol = 2l 0] 28t
(c) (b)2t OREEIEX], SEX|BF HIASSEA| X2 7He 2] HOj =2
(d) et &2 L= XHE 22

* 71t o] HO M2l &lo] O|sl7F 22 8%, ol HO| 52 HAIE A4 EXL FES SASM
CHZIDi T BOj Rl 2o HARZEO| HE| 7t OfE A ©7t?
Fundamentals of metal forming, R. H. Wagoner, Jean-Loup Chenot



Recap: Tensile stress acting on a plane

Remember that we deal with materials in force equilibrium;
meaning that internal force in any arbitrary internal plane should

be in “force equilibrium’ condition — notice the pair of bold-line
arrows and broken line-arrows in below to maintain the force

~ equilibrium.

= P

N
Stress defined by the plane and
Q y the force
; R
\4 \ 4



Recap: Compressive stress acting on a plane

N

A

NEEEEEs

7

N : :

Stress defined by the plane and
I the force
N AT
: Louis Cauchy

Only two types of stress: Sufficient to define
1) Normal (21&+ =22 &=-) any stress state

2) Shear
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stress state (& & 2 E)

Stress state consisting of nine separate components

Out of nine three are called normal components while the remaining six are shear
components

A vector consists of three components in the 3D space.

Example in 2D
2R BH s MY ZIRA M o7t SE2 2 10m/s, SE 22 5m/s 2 0| 535 0|2fH?
Example in 3D
FOM 7oL U= FF 0| £ = O{EA LIEfLiLE? (7] & ZtHA 7L ER) ol & ZHEA 2| basis axes
(baS|s vectors)=S df ot 2= 2 'Fof'sh0| 7.

The stress state is represented by nine components. The number of components is
reduced to six under force equilibrium and under the cases we deal with materials are

always in force equilibrium (quasi-static).



o 710
Stress state and stress (tensor) components

SHUI SHIES O|F=7d 2

Stress is defined as the force (load) applied to a certain area

The most confusing part when you learn stress in mechanics is that the force does not
necessarily lie normal to the plane.

A JéFmE?Ii, = E| = S8 MEE 2] 71X O 4X QI =740
OFES= QA S 20 BHESH| 2 SO}

20| 22t HA I Hallol AL (M T

2lo| 280t AN =20l AL (25,21 %)
[HEE2| B2, 88 El= A.2FB.2| BR7t =Xlslf UL} O|F HESH7|
IOHA'L'C flol &2 =2| & =232 4(=xAL value, quantlty)EE L+E}LH ™




Directions In stress

Two types of directions are involved for stress state:
1. The direction of force

2. The direction of the area (plane); which is usually represented by the normal of the
plane

These directions can be also represented by ‘values’ if you refer to them in a certain
coordinate system;

The magnitude of ‘force’ can be also ‘quantified’ — that means it can be represented by
‘values’)

F

2K ZHHE A|(x-y coordinates),
2H+ ™ (plane of interest),
F a

|22 2l (Force)
_F.

!y




A

eC

Q)
O

>

|22 =0ty BE L.

Aol = & EH (force equilibrium) 2710 SHESH= &
HMEE £ 85t 82 F7M1K &=

Normal: tensile(+) or compression(-)

Shear: forward shear (+) and backward shear (-) (T1 £F2| 2ek-2 ‘sense’ 2t 1 & SHC}

#1079 OHH CObX| HbSkO| E QSICt 2|0 2 eEke
X & projectionS £} 2t (value) ©.2 E310] 75 8}CF. 204 ran
Ol dfE2 % 3k 0| X3 4| Of orojectionT| O] 1Ol A 7]".

Like three different components are the least number of independent components for
a vector, there should be the least possible number of components to fully represent
any stress state:

But, unlike vectors, we have two separate types of stresses (normal, shear) and also the
directions for an independent component are ‘two’ (i.e., the direction of force and the
associated plane).

How many, at least, different types of ‘components’ are required to fully describe the stress
state then? We’ll learn in over the next slides.

oo T



Invention of Cauchy stress tensor A SHHEIA

Cauchy found that only nine different types of stress components are required to fully
describe the stress state; The stress state is represented by Cauchy stress tensor.

Before learning more about stress tensor, let’s review the stress; What is stress?

You might have some fundamental concept about stress: force/area




Stress at a material point
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the force is homogeneous.

HlZZ st H 2o 42, 20| X2 o| 2 MOIC L2 ZHS JHA|H “2£ 2 £|0f QUL 0|2
BHSL7| QA 2t A OfCto] S 3 AFEf S TSt 2 QIO{Of &L}, [2fA] O &He
Mol 222 OBt & 2 QIC}. 0|2 281K O = Fei 6l AU
F
o= lim~
O}

2! = 7t el ‘0| o & H(mat r|aI point) 0] -‘H—-—E|O1 ICtn Zt™SiCE Og| 2
Fotah FEE 0|89t 38 HE|E H5=UHE (84 E“M)E & OFE A},



Coordinate system and basis vectors

= (&)
Ht5k=2 normal vector (

r|r

==
=

oyst) zhEA| 9] 27+0] &
H

Cartesian coordinate system— orthonormal coordinate system

MZ =25t M| normal vectorE H310| 75 S}Lt,

71 M| normal vector== basis vector= AS}ZICH 2|2 2kt

e ey, e,, e3 = LIEFLH AT,
€>
o UOZCHEA 2 S8 HAEFE HMO| d&(component)=
HASIY M 0|= subscript=2| QIEIA (1,2,3)= 2524 ey, e,, €3



Cauchy stress tensor

The infinitesimal cube
represents the smallest
possible material point.

S8 HAM= Fota FEO[3HO| HESl= 252
T 7HK| 2ol o &Lt

1) 2t 805t= Ho| =223F (normal)

2) 2t 85= 22| &2 (normal or shear)

3K AWM HEA (Cartesian coordinate)O|A] & 9719 Z=T!O|

7tSotLh & 9/l9) dE 22 BWIts. SHA[TH o EY

JEHOIM = HHO| shear Y2 S0l M2 Z2 S 7HHOL
SHEH(F =0 CHEX). J0of mep & e7fel 'sE Hel

g & (component)= Bt A £l C}.

u]
—

=
=
o 7
o

-_

HEAOWAM 6712 =& X HE(component)
=& 534 (material infinitesimal point)2|
2} Eff(stress state) S 2t S| LIEHH 4= QUCH

f 6HZ 3IHIALO 27?2  centro-symmetry



Cauchy stress tensor

€3
J;e 2
€1

The infinitesimal cube
represents the smallest

possible material point.

S8 HA= Fota FEO| 3T HESt= 252
F 5 7tK| 2ol o ESILt:

1) 2t 805t= Ho| =223F (normal)

2) 21 &5= 22| 2k (normal or shear)

3 R WX HA (Cartesian coordinate)OlA] & 9712 Z=3t0|
Jt58ICE = 97fol MEoE2 BEHItS. SHX|T slo| HY
HEfOA = HEO| shear 20| ME &2 4= 7HH0L
StCh==0f CHEX. 30 2t & e7he "2 Al

=0

‘& (component)= 2t A = CH

Z FO T IHEANM 672 =EHQ H-Z(component)= Bt
OCHH SHE =& F3tA(material infinitesimal point)2| =

=
S 2AH5| LIEHE == QUL

2FEff (stress state)

f 6HE 3HTI2Z??  centro-symmetry



Shear stress (and its sign)

a -




2D stress tensor representation using matrix

1L S O
T (xy) —f—tﬁ74|7|', =T (e; —ey) =
#Ho 4 UL
. _E
xx —
Ay
[O-xx O-xy] . lo-ll 012
g = =
Oyx Oyy 021 022
O #7|¥S
Ao 2 ARSI}

ZtEA 7t B2to| O AL A2 ol LM S

_[Un T12]
T21 022

o

7 (tau) 7|2 7F M EHEH 2 normal

stress component et LE317|
floll S5 At =IC

Warning: tensor is not matrix. We just borrow the form
of matrix to write down the tensor components.

There are cases where you cannot write down the
tensor components to matrix; Tensors can be in
multidimension — like 6, or 9.




3D stress tensor represented by matrix

2D 35 HIAMQ| =H

0o =

I [011 ] 012 U13]|
{021 Oy, 023‘ It 2. normal of the plane
031 | 03, 033 18 ZHAH direction of the force

The subscript number refers to the basis axis, with which the associated direction is parallel.

| 2o H2E(7|S)0f =0l MEES
SERS 2 9l #0 22 e/
o




Coordinate transformation: vector in 2D space

<« NE =—p Foce
(&)

e —
2 Force vector, F EEoF =0
ZtH Al (coordinate system)O]|
QULHH HEHO| HE = 7

ts
~ ~ -
~ ~ -
~
=22 TR ZtHA 9| TS >
‘basis vector’' = — =\
NECCRE-SpE F=Hey+ Fre,

Coordinate transformation is
also referred to as ‘axes
transformation’

F=1[F F)]

F, F, & TO T ZtH| (eq, e, basis
vector 2 O|FO T 0| Al = Force
vector F2| ‘& (component)



Coordinate transformation: vector in 2D space

€= AE  —p O
(&)

g \
\91 -~
N -

-_—
—
—
—
—
—
—
—
—
—y »
—

=2 =X X EA 9| _f >s -z,
= = 1 (L — (

‘basis vector' = F=F 1 ?1 /+ F 2€2
AESIHM ®2 7ts




Coordinate transformation:

vector in 2D space

< NE —p e

€1

F — Fle]_ + erz — F — F,'lél + Fzéz

HH

L

St

ol
I_|_E
Ao

VectorS LIEIL = ZfHEA 2| H
=y
Hal QICH

Force vector AN 2| 2|
= A|HO| 2t 85t= 2

T~

=

o
o
[




THHEA | BH=E vector in 2D space

|
| .
: e &,
< AE —p Forc | = FpEA|Zhe| AV E Ot
(&) , F, EF, F,2 #H2P g 5= ULt
I o
¢ ' e ojujo] Hizre
e, 2 I =y )
I P traﬂsformatlon, = 'form
I { (HEH) 2] trans (HHE)
r ——————————————————————————
|
e ' Transformation< Zt , )
é | basis vectorZ2 e, f ?1JE|—T'— e J_—'fffz
! | oA 2 40| 7ts e;f é, 12|11 e, Afé,
F=F Fye, = [é, + [,é b e - -
= rieq +rpe, = rjeq; +rpe;

Force vector AtX[2| =2|ZF2 HEHRIC}
= A|HO| 28 5l= 22 #Hat it

|
|
VectorS LIEtL= ZfE 72| Bt &+ | (=
|
|



e} é _ of ZtHE A0 A CHE ZtHA 2
1 e ZEA S = =St ’Eg S Al7AZ== direction
cosine %gl EOl o lo|-| E#;E E'('j;l
/
V4

v

e; 7

direction cosine

€, Old co. sys. ”
V4
e €
g [ | , 0ld Co. Sys 2| j 1M basis
o leq] (A1 Qa2 ajj vector2} new Co. Sys2| i
S 6,| lay, az Y basis vectorAtO| 2]
3
O
=2




THHA {to] £t

-

= ot ZtE A0 M CHE Xt EA =
o] X o| Zt =7}0 = o
AR cedle b i ‘P2 AIP{F £ direction
cosineS2| DS AHH'E HH
4’

<
Old co. sys. V4

e e, es] ”

g s

o fé)] [T11 Q2 Gi3 of  t4 .
A JEHME xxx, 2 0/Z0T S e | la az ass Old Co. Sys 2| j E1Y basis
FHEA1L 1,205,232 O|F0IT E CHE 2 QL vector2 new Co. Sys2| i
ZtEA27F LEPLEQICE ZHEA| 29] x, basis 2 é;| 1931 Q32 33 Y 1Y basis vectorAFO| 2]
vector@t EFHEA 12| Zt basis vectors 12| zZ

direction cosine
HAHE ayq, azy, axs _I direction cosine2 2

O

Direction cosine: =0 T &IoF &l {5 2f BoF
HIE{p AFO|2| 240] g2tH, cos(9) 2 H 2| =ICH.



Old coordinate system

€,

F = [10N ON]

10N2| 20| 2t

New coordinate system

€

F=|?N

D,

?N]

2K coordinate systemZt0]| 2HA| = o
HiokO 2 (A AT ebccw 7| &) 2] 12 2| T
angular rotation2 2 LIEFHH 4= QICt.

2 —6 2 0old
Coordinate &
ccw 2| MSHHA

New Coordinate”}

g},

Old co. sys.

e, e
(e €] a,; = cos(—0) = cos b

é] 1911 Qg2 _ o —
[éz] [a21 azz] a,; = cos(90° — @) =sinf
a,, = cos(90° + 6) = —sin6b

a,, = cos(0)

New co. sys.



AR HIEO| Rt HB H 7|42

I

2XHe coordinate systemZtOf| 2= oF F, = cos 014 F, + cos 015 F, = ay1F, + a5 F,
Ijol-%:gE(Alﬁlul_l-EHHl_l-%l:CCW 7|Z'|_S)9-| '7_||"9_|IX_‘| F =cosO,4 F, +cosO-- F, = a--F, + a--F
angular rotation2 2 LIEH'A = QUL 2 2111 22 I'2 2111 221

a5, = cos(90° + ) = —sin6b

a,, = cosf

e} & j=1,2
2t —6 2 old Fi = a; Fy +a,F, = z aq;F
Coordinate & j
ccw 2| HSHH j=1,2
0 e New C0Ec|>|r:dr|nate7|' F; = a1 F; + axF, = Z az;f
e — . j
€
Old co. sys.
: [€1 €] B
% é] a1 a2 a11 = Cos0
S [éz] [a21 Clzz] a,; = cos(90° — 0) = sin0
P
()]
Z




2XHQ) HIE{O| ZHE BB B |43

I

Fl = Cos 011 F1 + cos 912 FZ = a11F1 + a12F2
Fz = COS 021 F]_ + cos 022 F2 = a21F1 + azzFZ

j=1,2 Fl = a1 F +a k) +a3F; = alij
Fy =a,,F; +a,,F, = Z ay;Fj .
]_ j=1/3]
j=1,2 15'2 = a1 F1 + aFl+apks = Z az;F;

Fy = ayF, + ayF, = Z i Fj =
j

F3 = a3iF; + a3, F, + as3F; = z as;Fj

7| 50| K| 2 T o &0

HE AL e = UL
A

AL
- =°
[atM, 2t g5l 2=




XIR BIEO| X H HZ H7|#4

1 L

S 2 SUSIAH... Tt coordinate system (e,
"1'2:3) Ol M 27|l HE] vector FE HE CHE
F1 = 0ufi + apF + 61fs = Z ay;F; coordinate system (é;, i=1,2,3) 2 = Hgt

3

j (transformation) St= ”O*— = coordlnate system=
) O|0]’Z* = transformation matrix [a;] & AFESH
F, =a,,F, +a,,F, + a,3F; = Z ay;F; qgﬂprm =XelZ7Ne: Mo E=X-T3FS 9|q

j

3
; 3
F3 = a3 F + azFy + azsF; = Z asiF; F = zaiij (i=12,3)

j

Transformation ‘matrix’. Fi = aiiF} (ij=123)
a1 Az 13 HALISHA o 7| SHH
d21 G2z Q23 tensor/} OFL|X| 2t Zt Xt HO| A HHSE| = indexOf| CHT!
Az; dz2 dsz transformation ‘summation’ O] 2 2Fz| LT},
2T RZE 22
tensor |'_|_E |'—|— =0o HH:HE KOtE._l %|. oz E-él-_:iEl_I tensor

‘operation’ = E 11 M ZF=l summation
7|2 E TefoliL O OF BHC,



2XHRl HIE{O| X E B3 BT |us

|

2K coordinate systemZt0]| 2HA| = oF
Hioko 2 (A AT gbccw 7| &) 2] 12 2| T
angular rotation2 2 LIEFHH 4= QICt.

- ez
el & (2
en [Ch2kA 0 2 old
2t -6 2 Old Coordinate =
Coordinate S o | ccw 2| HSHH
ccw 2| T SHH e, New Coordinate”}
{‘91 New Coordinate”| ZICt,
EICt
& [(111 a12] _[cosf sin 9]
Az1 QAz2 —sinf cosf
Old co. sys.
e o a;; = cos6
g (&1 €] a,; = cos(90° — ) = sin6
« I:?l] [all alZ] a, = COS(90° + 9) = —sin®
S lé,] laxi az _
> a,, = cosf
]
z

[‘111 ‘112] _ [COSQ —sin 6@
az1 Ay sin@ cos@



TtH M2 ond order ElA

Einstein summation convention
Vector2| 8% Zf component0i| basis vector/} OlAELO
SILp M THad gl Of2l+EfQ
== =k HI|H
2nd Order tensor2| A% 270 9Q| basis vectorZ}
A E (2l o| Bkl Ho| BigF)

3

3
O0ij = z Z Aik Aj10k1 ( — AikAj10k
k \ 1

a1 Qi Aq3
R=1[a;1 Gz, Qaz3
a1 Az da4szz
ZtE T2 matrix2| A= O| R transpose

e T
T. H OH =| O . . — o
transpose? operation2 .. RT: transformation 2 & R2| transpose; (RIJ) Rji

D~ T
RT: transformation & & R| transpose; (R;;) = R™!



TraA #Hete| 2|0

=2 0| M &A= Ereo| 2R
S

INE
SHEXEOEE S2(H o0 BA 2 s TA| e =
ol=2 2 E AEA Ll &2tEl0] 280t , 22| BMA = A& A ZE A 0
o 5L}
T = .

MO HEf = Boik|l= 223 (B2 =28) =& ZHEA T 28 B =

of= HIA Q| it7|t”(°*¢)01| o5l HIM 2| dZ =0 HH =
2 = .EiH ot= 27| B(FH)0f e 0 T ZfrA O A £
ChE e A = B O =M BIA 2 ’8—'?'—3I§0| O Hot=A| &4 E L,

HIA L ‘rank’Off [2FA] ZpE A L 2HE O] O E A BHY =X ZOFE QAL



Inner dot product

Tensor 7|8 index0ll 3174 7[SHX| 84 bold-face symbol 2 E7|5}7| = 2t
o) o Hitl o2, F; B F 2 27,

Inner dot product= EllAM @} Ell A{Z7+O| O 2] operationS Of| StLIE, 205t =
£l K 2H9] *OHE index 7} 12 0| £ 0f E{ 84| = (summed) &1

A HRUHE BIE{ O Xt H 1=t (coordinate transformation)= bold-face & HFH
center dot= AFE05L0] &7|

F=R - FE H7|

F; = R;jF; (index 7| &)

2nd order tensorl| ZtHEHZIZ
6=R-o-R!

L Ty _ _ _
6ij = Rixopa (R )1]- = RikoriRj1 = RixRj10k1 = RjiRk01



Double Inner dot product

Work done to an infinitesimal material point:

3 3
= 0jj&jj = ZZ 0ij€ij = 01111 + 012€12 + 013&13 + 021821 + 02222 + 023E23 + 031E31 + 032632 + 033€33
i

W=o0:¢

Colon 7|2 2 double inner dot operation = H7|




2nd order tensor2| symmetry

Centro symmetry

I 0f CHst CH S| Normal stress 2|
centro symmetry

Shear stress 2|
centro symmetry

Force (22 momentum) equilibrium -> Diagonal symmetry

o o Jo o o o
— T = _ 11 "1z "13 11 Y1z 13 [HEtA] 2= g7HO| E 21K O
6=0 = Oij = Ojj o= [0'21 Oz2 03| =|012 O3z 0323 col-ml- o-Ir’1eont7|'H£|XH ==
031 03z 033 013 O3 033 P =




=C|g 7

%EI == EH71| ‘Greek’ aIphabetE 7|22 A}R*m 7|1F0|5|=

(?_P% superscnpt)i H&0] l_} f'—H I:f type of transformation
needed)

Scalar§ BPSI= 7|20l = QE A7) GICH- XA o 72

Scalar 0
of: & m) 22X (p), 2E(T)
vectorOf| = QIEIAE SHLE & QIC} Vector 1
Ol: £ (v;), 2 (fy). Ol 21 index= 1,23 5 M7 #E9=
(component)7t Z=A.
2n rank tensorOfl = 71 2| QIEIAE 2 QICH A S ey 2
0f: 24 (o7;) 24242 indiex o= 12,3 M7Hel T HEE JRIC
[qaw 97io] AN L (3¢3)0] Efshct
3rd rank tensor 3
31 rank tensor= Al|7HQ| QIEIA &= 3x3x3 277H2| AN MHE EQ
4t rank tensor= 4|7} 2| Ol'i'ﬁ, S 3x3x3x3, 817le| +HE&E Ea: 4t rank tensor 4
S & EFYAH 4= (elastic modulus) HIA|
HIE = 2 [1x3] 22 [3x1]2| A H JEHE 2] 220t =

£ Modulie modulusl| 24
Scalar= 0t rank tensor, vector= 1% rank tensor

Off Al

mass, density

velocity, force

stress, strain

Piezoelectric
moduli

Elastic moduli



Transformation rule for tensor

Follow this link:

https://youngung.github.io/tensors/




Euler angles

References:
https://en.wikipedia.org/wiki/Euler angles
https://youngung.qgithub.io/euler/




Fuler angle= O| &St 3X1& Zt& HZt

= oA D EA | A E Boiots HE
O 2 2 S Euler angleE AL-E5t= 28 O] MSEOQ]| A i, [co§¢1 sin ¢y 8]
INESEIY I = SI(I)lq)l Cozd)l X
oF 3XHA EHHO| e; = (z-axis)= Hi2tE H A A
SISO 2 ¢, BHE 3| 10 o
° o o4l & =| xLt H o . .o R*=|0 cos® sind
El-E—E 1E |_|OH 9| I_‘|E|_| —'—|--'H'-7:”—| = H|-E|-ED:I 0 —sin® cosd
AA Erijg e e 2 ¢ BHE 2|
oo olsll S| X E| XI55 Al = > o cosd, sing, 0
Efﬁ_i 1-2.= |_0H 9' Al —l—|'-'H'-7:”§ El'Al €; == R%2 = [—sincl)z cos ¢, 0‘
HREf 2O A A HICHE SO 2 ¢, THF 2T 0 0 1
o] YHO| M 2|HE 2O = "ot ZHH HE matrixE ChaS &9l B &= UL
Rij = RGRYR} R=R°-R"-R® R-v=[R{R"- (R V)}]

Recap: Einstein
summation convention



Let’s practice

Follow this link

http://youngung.github.io/euler2ndtensor/

You'll find two links — one to open Google sheet another to download the sheet.

input |output I
angle
phil 45
Three Euler angles Phi 0
phi2 0
4T Us
cos(phil) 0.707 sin{phil) 0.707
) cos(Phi) 1.000 sin{Phi) 0.000
L cos(phi2) 1.000 sin(phi2) 0.000
1
)
1)
3 2nd rank tensor in matrix form
H 1 0 0
T 0 0 0
H 0 0 0
3
) 1st rank tensor (i.e., vector) in array form
L 1
! 0
] 0
1

radian

0.785
0.000
0.000

This excell sheet proves a means of coordinate system transformation

transformation matrix R

0.707 0.707

-0.707 0.707

0.000 0.000
R.T

0.707 0.000

-0.707 0.000

0.000 0.000

0.000
0.000

0.000
0.000
0.000

(transformation matrix)*t= RAM=R"-1

RM.R.T

0.707 -0.707 0.000
0.707 0.707 0.000
0.000 0.000 1.000
2nd rank tensor after coordinate transformation
0.500 -0.500 0.000
-0.500 0.500 0.000

0.000 0.000 0.000

R.v 1st rank tensor (vector) after coordinate transformation

I 0.70710678 -0.7071068

of




Let’s practice #2

At the bottom of the spread sheet you'll find three separate matrices, which denote
the three sequential rotation matrices.

1 0 0
0 cos® sind
0 —sin® cosd

cos¢p; sing; O
—sing,; cos¢p; O
0 0 1

R® = R? = R = |—sin¢g, cos¢, O

0 0 1

cos¢p, sing, 0]

0.707 0.707 0.000 1.000 0.000 0.000 1.000 0.000 0.000
-0.707 0.707 0.000 0.000 1.000 0.000 0.000 1.000 0.000
0.000 0.000 1.000 0.000 0.000 1.000 0.000 0.000 1.000
g3g2 g3g2gl
1.000 0.000 0.000 0.707 0.707 0.000
0.000 1.000 0.000 -0.707 0.707 0.000
0.000 0.000 1.000 0.000 0.000 1.000

Of course, these are functions of phil, Phi, phi2 values available at the top.

input |output I
This excell sheet proves a means of coordinate system transformation
angle radian
phil 45 0.785
Three Euler angles Phi 0 0.000
phi2 0 0.000
transformation mati




Let’s practice #3

Follow this link:

http://youngung.github.io/tensors/

a; = R;ja;
' — R :
0"-’- = Rjzo kIRJl
!
ijkl = BimBjnMpnopRio Rip

Tensor transformation rule is implemented into a Fortran code



http://127.0.0.1:4000/tensors/

Let’s practice #3 (Fortran

program transform vector
implicit none

dimension r(3,3), velocity old(3), stress(3,3), velocity new(3) E—J[\— |A_-| O|_'i

1*8 r, velocity old, st , th, velocit =
Al S e I * E.g.,R(3,3)is ‘real’ &3, 2|1 (3,3) shape — 3x3 array
1! the transformation matrix: -
write(*,*) 'Type: Rotation angle [in degree]:' % E_=||
read(*,*) th B L A =2 olgdis
th = th* 3.141592 / 180. 1! convert the degree to radian e th’ El'_ |_‘I'0'" User7|' 7—ll-EE = —:||OI'D:| radlan o=

H S5O}
r(:,:)=0. =
r(1,1)=cos(th) Transformation matrix
r(1l,2)=sin(th) -+ >0 O = L
r(2,1)=-sin(th) - 'th’ El' I__l_E A|"@' |'0:| E JéII-—TI— cCw lel_-lklalt
= = =

Shaee transformation matrixE Zt=0 H== r0f| K&
11 velocity n Ve|OC|ty old H:IA A-Ixc;'

locity old(1)=30. .
ey a2, | Old coordinate systemOf &2 & &1 A= 1A} HIAM velocity_old
velocity old(3)=0. ] E_Jlﬁ g M I‘| [30 0 0] arrayE X—I k. *1*'- EI.I_IA-IE H_'llE-I EI-.
1!l let's transform the velocity v'_i =r ij v_j

. = oy o
“ l_1'3velocity new(i)=0 -?_l tenSOFE H:Ig‘—l-ol-o:l AHE_'_ arrayoﬂ X-I él-

o - - E —h
do §=1,3 — OF2l{ 2| formulas & HSH0] 1A+ 3 HIA| B2t
velocity new(i)=velocity new(i)+r(i,j)*velocity old(j) V' — RV

enddo 1 7]
enddo -
!l print out the new velocity 7
write(*,*) 'old velocity' o
write(*,'(3£5.1)') (velocity old(i),i=1,3) — V9|- V\% Ql-EO‘" %E_:!
write(*,*) 'new velocity'
write(*,'(3£5.1)') (velocity new(i),i=1,3)

end program transform vector




Let’s take a close look at the loop

do 1=1,3
do 71=1,3
enddo

enddo

1. In the above, each do-
enddo pair

DO

ENDDO

allows you to form a loop:
where integer i increases
from 1 to 3, for each of

which j increases from 1 to 3.

2. For instance, while i=1,
you repeat

DO j=1,3

ENDDO

That means you perform

v{lew — z lengld

3. If you repeat Step 2 for i=2
and i=3 as well, you actually
perform:

3 3
=)D R
i

Remember that the above
summation can be written

short:

vinew — Rijv]g)ld



If you extend that idea for 2" order tensor?

Let’s take an inverse approach for the 2" order tensor transformation.

We learned that the 2" rank tensor transformation is done following the below rule:
0{j = RixOriRjy

The above can be implemented to a FORTRAN code such that

do i=1,3
do j=1,3
s new(i,j)=0.
do k=1,3
do 1=1,3
s new(i,j)=s new(i,j) + r(i,k)*s old(k,1l)*r(j,1)
enddo
enddo
enddo
enddo

You might have been able to find certain rules that is applicable when you implement the
tensor transformation. Also, you might have found the Einstein convention is very useful
particularly when the formula is translated into FORTRAN code (how intuitive!).

FORTRAN actually means ‘FORMULA TRANSLATION’



Q. Extend that idea for 4th order tensor

Within elastic region, metal follows Hooke’s law which writes as below:
0ij = Ejjki€k

(For advanced students) Can you write a short FORTRAN DO-ENDDO loop for the
above operations?

(For very advanced students; M 2T & & ot = HS| =ASIHA| 2...) Modify the
source code available in the website and compile the code and run the code. You’'ll be
able to find about the elastic modulus in other textbooks. Hint: you can reduce the
above equation following Voigt’s notation.




Let’s practice

import numpy as np
velocity old=np.zeros(3)
velocity new=np.zeros(3)
r=np.zeros((3,3))
velocity o0ld[0]=30.

th=raw input('Type angle [in degree]: ')
h=np.pi*float(th)/180.

r[{0,0]=np.cos(th)
r[(0,1]=np.sin(th)
r[(1,0]=-np.sin(th)
r(l,1])=np.cos(th)
r(2,2]1=1.

## Apply v- i =r ij v j
for i in xrange(3):
for j in xrange(3):
velocity new[i]=velocity new[i]+ \
r[i,j)l*velocity old[j]

print
print
print
print

'old velocity'
velocity old
'new velocity'
velocity new

* R:3x3array;

+ velocity old H

B = 4 2.
+ E.g., velocity_old2} velocity_new+ AtO|= 3x19] array
2=O| A HKY(0) element0i 30 & =

3=ZS &1 cew 2 TA 7| =
=0 X

2l tensorg BHESI0f 22 arrayO" Sk
OF2H 2| formulaE A& SHO] 1X} 3 HIA Het
® V{ ==I{H\ﬁ

L_ o




Tensor and coordinate transformation

Tensor is a method to represent physical quantities (and also some material
properties).

The physical quantity should remain the same even if you apply different coordinate
system; The physical quantity should not be affected by the coordinate system of your

own choice.

But when you change the coordinate system, the values pertaining to individual
components of the tensor change; That does not mean the associated property

changes.

The values of components that are changing w.r.t. coordinate system are used when

you need quantification of associated physical quantity (or material property). That’s
one of the reasons you should learn how to apply the coordinate transformation to

tensors.



Example: pure shear

Pure shear is a term referring to a stress (or strain) state where only shear
components are non-zero.

€,
100 | found the left is simple shear. < L e,
0 -1 Anything wrong with me?
0 0 0 1 e,
Let’s check by using g e i
the spread sheet. e

saweus 1

cos(phil) ) sin(phi 0.707 0.707 0.707 0.000 0.707 -0.707 0.000
i ) sin(Phi] 0.000 -0.707 0.707 0.000 0.707 0.707 0.000

0.000 0.000 0.000 1.000 0.000 0.000 1.000

1. Put this value

1 0 O : ,
0 -1 0 L
O 0 O
3. Check the new tensor component values / N, & 2,
2.Put¢p; =45° referred to the new coordinate system AN / \/

To obtain &2

Al
\/ 4.1 wasn’t wrong. With the new coordinate, the material is indeed
under the pure shear condition!



Example

Elastic modulus (E) is a 4" rank tensor and correlates the stress (6) and strain (g) in

the elastic regime through

o=E:¢
Note that the colon symbol in the above denotes the double inner dot operation such

that

0ij = Ejjki€k
Q1. Express 0,3 in the function of [E and € by explicitly denoting the indices of the
associated tensors; Do not contract the expression by using Einstein’s summation

convention; Do not use the summation symbol.

Q2. How many separate equations are hidden?



Where coordinate system transformation is required?

25.4 mm n

. B — prd I PR
Stretch bending test — ég?
The failure criterion is usually written in terms of strain Shes oagth 650
(or stress) state referred to the coordinate that is e .
attached to the plane of the sheet metal. 1
/
|

Here, as you can see, the region of specimen that
eventually fractures, flows over the roller, during which v

it bends and ‘rotates’.

Therefore, you would want to ‘transform’ the stress
state that was once referred to the global coordinate to
the local coordinate system that ‘rotates’ together with
the material.

Material: DP780
V,5immisec 3

JH Kim et al, UP 27, 2011




Where coordinate system transformation is required?

Critical Resolved Shear Stress T\ Aetve e £y For dislocation to slip, this max.
Atom position when o \ force should be overcome
maximum repulsive force ET ‘\Q
- occurs i R l/\ Max repulsive force is closely
= slip 8 0 .
s - Intere related with the CRSS
= 5 Z{///Repulsive force Fp Max
_ él e ? » repulsive
e ﬁ—Net force Fiy force
+ Condition for dislocation motion (= condition for plastic yielding):
If RSS reaches a certain (critical) value, the dislocation will start
moving
o 0) O - Ease of dislocation motion depends on crystallographic orientation
T T with respect to the external loading direction

Trss = 0 COS A cos ¢

—[®r =0 // R =0/2 1L R =0 cos A cos ¢: Schmid’s (orientation) factor
~ =90 | A=45° $= 90"

g $=45
Dislocation slip condition (= atomic yield condition)

|
|
l l l TRss = TCRSS




Example: yield of single crystal

a) Will the single crystal yleld’? TRsg = O COS A cos (I) We learned this equation that correlates the external loading
b) If not. what stress is needed? (o) and the orientation of slip system (A, ¢).

Condition for
dislocation to slip?

Condition 1. TCRSS Pa

T =T
Condition 1. External RSS CRSS

load of 45 MPa

Condition 2. Slip

system characterized

Condition 2. Tgrgg = 0 COS A cos
by 1 = 35° ¢ = 60° ¢

1
1
1
1
1
1
1
1
1
1
|
1
I
! = 45 cos 35° cos 60° [MPa
! ~ 45 x0.819%0.5 MPa]
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

Normal to
slip plane S
~ Slip

direction

Checkl TRSS 32' TCRSS |

Adapted from
Fig. 9.7,
Callister &
Rethwisch
Ye.

45 MPa is not sufficient enough to cause this slip
system (4 = 35°% ¢ = 60°) to slip (yield)



Transformation for CRSS
, = 25% 0 = 60°, ¢, = 19°

Normal to
slip plane

Slip
direction

This gives the transformation matrix like:

_ 0.788 0.547 0.282
0 =45 MPa -0.495 0.291 0.819

0.366 -0.785 0.500
0 0 0 3.577 10.389 6.344
If you transform o 0 0 You’ll get 10.389 30173 18.424
0 0 45 6.344 18.424 11.250



Stress and strain:
Strain tensor

O“
|O

| . AMH7HE (MSA0026)

{0

hotm A4y B et

ox oA
[Ho  oQ
1

YJEONG@CHANGWON.AC.KR

HAPLA. 452-208 M3} 055-213-3694

HOMEPAGE: HTTP://YOUNGUNG.GITHUB.IO



mailto:yjeong@changwon.ac.kr
http://youngung.github.io/

Strain tensor

Strain = 2| 22 shape changeE H XM O 2 HHA L geometrical effectE *Z= 0f *

22 N 7Ho foﬂ LIEfEHCE,
Strain =2| 2 stress 2 OFEH7HX| 2 2nd order tensor2 LEEFHHCE,
O 2 1XHR O strainF H 3K A A Xt =2 =0|HA O|5l|ot =& St}

Cauchy stress7| GO0 A prevail. St X| Bt strainl| 4 HEH 12k
=N gy

i

T
I
un
©

Strain theories are divided into two groups
Finite strain theory (not discussed in the current lecture)

Small strain theory (infinitesimal strain theory; small deformation theory; small displacement-
gradient theory and so forth..)



Strain tensor

N
=

d=0| 22 = 0|0

oll's

/t& 2| f{ OF
=0l A 2 &

I_ -
= ‘Hy

S HME B
O, 0

1000<

B4k




1”% strain

1A o] Xt # A = 2F 0| Vtset 20| BHee Feta =2 2 HOHAL

| —

Xq Xg + Ax
MIb=ty o e, b at Qatt Au: 1D displacement
t 0 Ax: Initial length
0 x, X; + Ax + Au
Tl _ —
Altb=t, o e Patt, Qatt,
— OfF B
o e Axpel s 2 AIZHJOIM B2
A Hol2tH, Aulf
1K ZHEA| (eq:basis An extendable string Ax B2 OIS
vector) divided into three xto 7t

different locations

ZO{Tl RN SOl OFF A2 OjCt 247| 2
strain® 7P S5 UCH (H 23 B 1)




fo'o.:-l strain

2 (small strain)

A Re| A= 2Y0| 7t 20 Hee Fetaz d oAt

2KH2 ZERA| (e4, e,basis
vectors)

(Xo, yO) (XO + AX' Yo + AY)
P at Qatty AZHAt O] B2 = S0tpq
to =2 Fotao| 2 Ho|A =
u; 2F Ay
(x; + Ax + Auy, y; + Ay + H 2|(displacement) vector 7}
Auy) AL

—
—
~~.

Patty
Au;: infinitesimal displacement vector
Ax; = (Ax, Ay)
att=t xRl
a 1 Au; Cmie
tensor d 2| H 2| tensord = 'HAHE
i ‘;:] Bl A{ 7} OFL|C}
4’ di = li Ay _ aui
i Axs0 A_X] - a_X]
Ax; = (A%, Ay)




Zﬂ% strain

3 (small strain)

4 = Au;  dy
i AX%OE _&
o aul o aul o auZ o auZ
d11 - a_Xl'd12 _a_Xzid21 _a_XlrdZZ _a_er

Small strain theory Of [[t2 ™

ou, QA Ol 4, ElA 2
d1]=% (1,j=12) FAL & -I|.o | O 12
0x; 2b27te 160} 25 Kojo}
okt

M tensor d 2 strain tensorZ}
OfL|2t11 SHRALE, :LE* C}H tensor d =

straind} 2tA| 7} Q2772

tensor d2| =2|& 2|0]?

oF 7ot S EFU A S| Z0| HEQ|
HotS 2ol =Ct

o T =
ﬁ-?—l(dlsplace ment; u)0fl 2|5} IO| H 517}
LHUCHH 11 HP| T af 29| 2ok ZO|
HE{ o] d&= Ch=&4dt 20| ‘0|0 =Lt

O 7| M Ax;= HEIH Foka
o x| & 25} 21
=2 P&t 20|

A)A(l = dijAX] =t - =
A% = BT Foka
=20 HHet 20



Zﬂ% strain

4 (small strain)

2t M tensor d 7} strain tensor?}
OfL|2t 1 SIRCt AECHH tensor d &
straine LIEHE == Ql=7)

A SE
Tensor d O] strain tensor 2},
HSO| LMSHX| AU [ 2 E

component”} 00| 0{OF OFESICT,

Tensor d “3=0] 00| Ot HOf| =
=Totl HAEO0| 09l Z27f QUL
3 4= HtZ ... Rigid Body Rotation
(RBR) & =& M7t ot=m2 7|[EL =2
2| ™SH= AL Tensor d HE2F0|
LETH0oO| B[ K| LX|THHAHE2 09!
B7F ALY

Ax
eL /{ <
) el o Aul
AuZ

20| Hzt GlO| ‘2|2 A 7| =

displacement ('H$|) Au; 24

Small strain theory= 0 £!
=3 FotAo| ZOo|HCh 2R
ZF2 displacement ‘28 A|Of| Tt

HE7s2of 72

2| 0f| A — Az
20| A tan 6 Y

SFX|BFAX > Auy HEFA]

¢ 0 = Au2
an v = AXl



2 KFR strain#s (small strain)

Small strain theory= F0{ %!
= I k= )
M tensor d 7} strain tensorZ} e 9 =2 FotAao| Zo|ECH =M
OfL|2t2 StFCH AL tensor d = - e dlsplacemc_e__nt HEAA|Of| 2F
straing LIEHY &= Q=77 HE7s20| /2
°© & <+« Ay 2o tan 6 = A)i%
Tensor d ‘3-&0| 00| O|""01|5 '
= = o ol
=70t HAEO| 0@ 27t QUL sLx|Of
JrAx > Au, [L2A
AH A2 = HfE .. rigid body rotation Au, i Ah 2k
7—?%’2 7('|7t1|7f SlsE 7|FECeE tan9=A—X2
2| MS=E 42 Tensor d HE2XF0
OEI—I?’—7|'00| E|X| OI-Xll:Il' H:| 5'%8 OOI_I A Comparison of X, sin(x) and tan(x)
7:|C)7 ol 12 N T T T T
877t UCh A small strain theoryOl =0 | o
4r0| Of= AiCh A ™=
tanf = 6 (M) o T
: 06 - A|_-|-C.>c-:>I
[rH2fA] S S| (RBR)OIA dy; 2f 0 = TAHE = RIS, T el
0] *% ZX|Qto2 OtL B2, 20| Hal7t Q=
H 20| A = d2| H&0]| 00| Ofl= E QICt T

0 0.2 0.4 0.6 0.8

[THEtA BN de Hd &S 20| 0 HE0HA] B Aol n Radars



fo% strain

6 (small strain)

Sk
L
<

S HH E HIA| = RBRSE A 2|3t
HEE YO|0f L}
Rigid body Rigid body d,}
rotation rotation+stretching
d,; <0
‘/] Gl
Au, Au, Ax,
. and = Ay, ax, Y 6
€21 = 0
Rigid body A, o
rotation
Au1 Aul
tan0 =

~ ~ 0 ~ —0 (2
Ax, + Au, Ax, €2~ =0 (ST




2K}A strain#7 (small strain)

{\ CCW: counter-clock-wise
U CW: clock-wise

61,<0 Lf ccw
do1 >0 g o UM cow _ -

d12 <O 021>0 > 4
-
6, <0 , _-
-
-~
-
-
-
6 > - 021 — 012 A CCW
. 2 2™ Ed
P -
_ - - 021 — 012 zd21_d12
- 2 2
- - T
d::i —d: d—d
-~ O il




Zﬂ% strain

8 (small strain)

6,,>0 i cwl =S =0l

61, <0
021 — 012 > K| cew
2 | Hat

021 — 612 _ dz1 —d1
2 2

Small strain theory

_(dy-dy) _d-d
2 2

[CF2FA d tensorXl A cew 2| ™S | 2| SHCHH =

d-w = 2CtH cew?| RBRE X Q[0 =4 HASS

Cep = Qi

[Ct2FA] strain tensor e= Of2|2F 20| H 2| EICH,

e=d—-w

& = G 2 2 T2
_d+dT
€=

H|==S}A| strain rate tensor=

B L T 7 L ¥
Yo 2\0x;  Ox; &j=5\3=*t3=] u=veloci
j i 2\0x; Ox;) U=Ve ocity



3K} strain#9 (small strain)

QAR HYE EO| ™O|o| 3Kt S 29| =4t
UM CHFEA}E € tensor= deformation tensor (small strain theory) 2t 1= =&

W tensor— spin tensor

€ tensor= small strain theoryQ| A| 2] strain tensor.




Displacement and strain

Goal: Dlsplacementgf strain |J_-.LF71|E

=
straing ‘=’ ol & + U= LS O|s|| oL}
Blank sheet Cup
H Y

1. 55 It EAOA 7| 2. Translation A| A

e, . \~ e, \_-

Displacement
gradient tensor

Ci|6H St I LEOFZ} displacement O] A

* Translation

* Rotation
Extension (Contraction)

and shear

3. Rotation X| 7

Strain = The ‘symmetric’
part of displacement
gradient tensor




Displacement and strain

Displacement: &7 ot ® 0| X} X|5tH
positiona &£ CtE position2 2 =7 =Lt

u: displacement vector

— @

p*

U vector maps a single point P to P

u(x4, X,): displacement vector field
maps various points to various points.

In case U field is uniform, which means that U is
the same for all points, the material only
translates in the space (no deformation).

Deformation occurs only when

u field is not uniform, which

means that U varies when
changing the locations.

Warning: there are cases that
u field is not uniform, but no
deformation occurs

(We’ll get back to this later).



Displacement and strain

In case U(Xq,X;) is not uniform (case 1)
u(x; + Axq, X, + AXy)

Displacement vector 7}
SO A CHE

l ErE 2 [M2f Hr# XHO|
Au

o e SHEO| TS S, 5
Au = Au(x)
o2t sta g s 24 € FTOT EBAC dEER u 7F SZHoj| ket o E A
ol = i o EE = decompose AOtLt EE K| =X
=l =22 7|=0 LIEPLY = 28k A dp
Elf jéll | Hl_é_H 0 (gradient)
=02 FHE 0HS .
tolLts §o= b =400 =57
] NS

%74 %i L__|' Au = Au1e1 + AuZez Ax = AX1e1 + AXzez




Displacement and strain

In case U(Xq, Xy, X3) is not uniform (case 1; pure stretching)

In case U(Xq, X5, X3) is not uniform (case 2; pure rotation)

Non-uniform displacement field
does not always mean that the
material is ‘deformed’.
Non-uniform displacement field
may contain a contribution
from ‘rotation’.

Therefore, if you want to
‘extract’ only the ‘deformation’,
you have to exclude ‘rotational’

contribution from the
displacement field.



Displacement gradient to strain

. Au; 0Uu;
dij = llm — =
Ax—0 AXj an
1
Eii = E (dll + dll)
O| = —
2| E402 oIy

eiTj =g; (=, symmetry 7 &L}



Example

€3
lo mm
€ <

€4

|
§ mmT /

WQmm

Flof =& Ao St /Y= ot &, ], Z0]7} Z 4 ty, wy, 1y 22 HH R

I

09.t

Vv mals
& In (‘/_(1)) US €11, £22, £33 BRAE HISHO 2,

Vi _ Lwity (1)
VO lOWOtO

1) of FHO| XA H 25 AtEoHH

[ tq
ln( ) In <_1)+ln( )‘l‘ln( )—822+€11+€33
Lo to

[Tt A SO 7) GIEHH, = In(1) = 0, [[fE'-W €11+ &2 + 33 =0
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Let’s check

qulpu L I
This excell sheet proves a means of coordinate system transformation
angle radian
phil 45 0.785
Three Euler angles Phi 30 0.524
phi2 20 0.349
transformation matrix R (transformation matrix)*t= RAt=RA-1
A UE
cos(phil) 0.707 sin(phil) 0.707 0.455 0.874 0.171 0.455 -0.817 0.354
cos(Phi) 0.866 sin(Phi) 0.500 -0.817 0.334 0.470 0.874 0.334 -0.354
cos(phi2) 0.940 sin(phi2) 0.342 0.354 -0.354 0.866 0.171 0.470 0.866
2nd rank tensor in matrix form R.T RAL.R.T 2nd rank tensor after coordinate transformation
1 0 0 0.455 -0.874 0.342 -0.498
0 -1 0 -0.817 -0.334 0.940 -0.503
0 0 2 0.354 0.354 1.732 0.766
1st rank tensor (i.e., vector) in array form R.v 1st rank tensor (vector) after coordinate transformation
1 | 0.4550193 -0.8172866 0.3535534)
0
0




Recap

Measurement of force and displacement from tension tests

Physical quantity to remove the effect of geometry: engineering stress/engineering
strain

Two types of stress (strain):
Normal (tension +, or compression -)
Shear (forward +, backward -)

There are three independent planes in 3D; On each plane 1 normal + 2 shears.
Thus nine independent components comprise the stress (strain) state.

Coordinate transformation (axes transformation)
Coordinate transformation does not change the physical quantity (stress, strain)

Coordinate transformation changes the values of components and the directions of planes
associated with the stress (or strain).

Practice coordinate transformation using the Excel, Fortran code, Python code.
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