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Fundamentals of Crystallography

_JHow are atoms are bonded in a solid sate?

IMathematical representation of crystallographic points, directions, and
planes (2™ ZAXNdtsF ZX )

EICrystaIIme crystal single crystal/polycrystal( trAd, a2
isotropy (&2 A) and anisotropy (O] 2 )

_IOrientation and its mathematical representation
» Euler angles

» Transformation matrix
» Tensor transformation (very briefly but will be revisited later)

<




Reminder: Crystal structure of solids

Processing | —— Structure — | Properties —— | Performance

Figure 1.1 The four components of the discipline of materials science and
engineering and their interrelationship.

IThe manner the atoms (or molecules, ions) are arranged in
the 3D space is termed ‘crystal structure’ (23 +X)




Reminder: Material properties are influenced by crystal structure

NN
image generated wih Crystal Viewer Lab on nanctUB erg .

Images from wikipedia.org




Objectives




What do you mean by crystal?

JSolid materials — collection of ‘atomic’ bonds that are placed densely.
> I AEfO| X 8= YAXHSO| wws A £ of O FICt
Ol JX7F eSS =2 57|80l Hf E 0| & ?|(long-range) Of| A

- /1 —1 —||_

O|F[ZICIH, O|2ot M= E FE|= ‘E’Sx'(crystallme) M=z2f &L
FAtdoz DE FENEES MYz, d2|2 HE Z2|He
ST IHE0AN AN TXE ST}

=
|

-
[

JHow the atom bundles are arranged in the 3D space?
»UELA, 2878 A= 0|2 A 2783 DX U XK= 2 0|2, 2412
Hi o Afo| A At B S 2 A2 JbRich




Crystalline material. Crystal. (&2°8)

A X 2= (Atomic hard-sphere model): & XHO0| 2, 2AhE

A&t K| E= #d=HEot 12 45 = E—:“:é" O|01| [Ef— iy

ol '°.L-|x|'(nearest atom)=2 A2 - = =510 QLD A ZFSHT}
oz 22| X 22 (hard-sphere model)0f| =8t5H0] =2|SHICE

Lattice (4 Al): array of points that represent the center of the
hard-sphere atoms; & At EEH O M HXZ2| SAE Q|
i 20| X}

Reminder: |AZLHIE A" 22 'F=7| M0l H{E 0| &8 2(long- range )0l A

O|F[XICHH O|2{et M =& 22| = "2 & (crystalline) X =2} =L} N MNOD
Unit ceII I:|-O|I—| é)é—ﬁél% z|:||_|-%)\0-|,’ /_7|<_7|)\o-|,0| 9)“:'_ 7E;|xo.| \_}""; \‘
T '—rErLH = HhE2 o] = CHQl' 2 TR 0|2t & o| sl A o+

fﬂ*r“ Z40| H2|3S}C}, B%I’SQMR Sl AN
‘CHAA-0f CHsl Al 2™ o 2 At 2 =0 T 2| S|t YW\ NI

2 OHZS0| £ A= S2t0| B0 LIEHE B8 2= YA 2F F 2L
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Q4812 E &
‘CH A A’ (symmetry

{3

'= 7™ 0F 2

Q0| &=71X| CHA A =XY: rotational, translation

X0
0

A

= ‘O

K

0
eyl

J




Atomic bonding — Repetition (periodicity)

Quartz: SiO,

(@)

Atomic
bonding

Courtesy of Amir C. Akhavan

Red sphere: Oxygen
White sphere: Silicon

9/5/18

(b)

Courtesy of Amir C. Akhavan

The participant atoms
are also shared with
another bonding basis

Courtesy of Amir C. Akhavan

(c)

(d)

Courtesy of Irocks.com

This can be repeated
many times in 3D
space

If this repetition
occurs many more
times?




Analogy to tiling

Translational symmetry

A={x+t | xeA}

Rotational symmetry

Rotational symmetry in crystal structure is related with
diffraction patterns of crystal structure

9/5/18




Rotational Symmetries and Crystals

0N A S Kol B QL et A d S 71 28 X8 EE|':':UK‘| el
XA &S 7E2 translation symmetryS A&t BIE GO
O|2{et &2 = THE5}= rotational symmetry=

Restrictions: 2-fold, 3-fold, 4-fold, 6-fold.

8-fold, 5-fold are not compatible
(thus cannot completely fill the space)

Mathematicians found a way to fill the space
with unit shapes with 5,8-fold symmetries

Dan Shechtman (2011 Nobel Prize in Chemistry)

Materials scientists found an actual crystal structures (later called quasi-
crystal) that has 5, 8-fold symmetries according to diffraction patterns
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Coordinate system for crystal structures

_JE|':I?I:7:|| (Coordinate system) Cartesian Coordinate system

St HO| QXS FEHOR LIEH S

3K FLE A (x,y,z ZHE) Qe | |

KR EEA (GPS, HI = BE) i 0,0) X
5 D 1 1 5
(=1 :5) 3

A TR0 ME YRO| 9K 2 MM O 2 HHs7| Qo HHEA T TR,

it ZtE A E 22l= ' Z - A (crystal system)Ef 2 ELCH ot 28 A= 2HHX
SEdot 484X E EHE&EH Ol = CHE = SH Unit cell 2 X EICF




Crystal Systems #1 Introduction 27 7|

Unit cell: a repetitive volume which contains the complete lattice pattern of a crystal.

[Ch2EA], unit cell2 B 2 ALESIY AXER S7H2 85| X2 5= QUL

Warning:

a, b, and c are the lattice constants (4 X} &)

a, ,v: Interaxial angles, direction cosines between the three axes of unit cell.

AR 44 a,b, c (O SEB) 9 7 Crystal system (2 3.1)

a, By 7t B8AH S TFE et} 14 Bravais crystal lattices




Crystal Systems #1

Axial
Crystal System Relationships Interaxial Angles Unit Cell Geometry
Cubic a=b=c a=B=vy=9%°
@la
a
AT A
=
|
Hexagonal a=b#c a=pB=90°y=120° c i i i
- 2h !
hexa-: forming compounds PN ,a"

words having the sense of ‘6’

Tetragonal a=b#c a=B=vy=9°

tetra-: forming compunds
words having the sense of ‘4’

9/5/18




L

Crystal Systems #2

\ 7
Rhombohedral a=b=c a=pB=vy#+9° 1'."\ -hedral: - 72| H(BH)O 2 &I’
(Trigonal)
L a [~
rhombus: OS2 &= (2=
MOl Z0|7t 5 )
Trigonal: three’ equal and
equally inclined axes
Orthorhombi - — B == Pseudoorthorhombic2| = <F
rthorhombic a c a=B=y= ¢ Ortho-: X|ZH (2HIE)
7o
Monoclinic a*b#c a=y=90#8 quo- . OC|;L|-
~clinic: (7| 2LChH
Triclinic a*b#c aFBFy+FAN° Tri- : Al

-clinic: (7| 2L}

9/5/18




14 Bravais lattices

Crystal family | Lattice system
Primitive | Base-centered Body-centered | Face-centered Rhombohedrally-centered
triclinic
B #+90°
a¥c
monoclinic
C C
g f
b b
a*b*c a*b#*c a*tb#*c a*b#*c
orthorhombic
C] (o (& (o
a a a
b b b b
a*c a*c
tetragonal
c C
a
a a
y=120°
Y
rhombohedral q /
@ a
hexagonal —T
hexagonal
a
a
cubic

9/5/18

Bravais 14 lattices




Point Coordinates (Unit cell Li{ 2| & &tH )

Translation: integer multiple ("2 ==Hl) of lattice constants

—> identical position in another unit cell

CFE ‘Unit cell ] 7=,

Point Fractional Lengths Point
Number X axis y axis Z axis Coordinates
1 0 0 0 000
2 1 0 0 100
3 1 1 0 110
4 0 1 0 010
5 2 2 2 223
6 0 0 1 001
7 1 0 1 101
8 1 1 1 111
9 0 1 1 011
tz ;120
’
Unit cellO] 3K} : translational symmetry
SN EHHEEI T unit 1
(@) 1 o
cells HOJH 72 & A y
- >
b

9/5/18



Crystallographic Directions (i)

Algorithm to obtain direction indices (p. 56)
1. x-y-z ZHA S 2°FtCh Hold A2 tel8el EME[ 2.

2. EME Qe dstS HIEZ B3t MaIH pt. 1: (x4, Y4, Z4);
2|2 WA, pt. 2: (x, o, 2,) EHES FoCh

3. MEIHO| ZtEE M| RHO|M WIECEH = (x, — x4y, —

Y1,Zp — Z1)

b

pt. 2 head 4. 912| ZHE Xt0|ghe 2t2to| 24Xt A% ab,cE LHEC:

1tail

v

5. ZRolLIH 7o +5 SF+E LHFALI &d 25 2
LEFEHCF.

ex: 6. 20T HHEN | X|==2 S0IE 22|5HXA| X1 bracket=
pt. 1 x,=0,y,=0,2,=0 A5 LIEFAHCE: [uvw]

pt.2 x,=a,y,=0,2z,=cl2
7. 257t QCHH overbar & AtE35H0] LIEFHCE

a-0 0-0 c¢/2-0

=> 1,0,12 = g
— = - 0,12 => 2,0,1 => [201]

9/5/18



Crystallographic Directions (ii)

/ pt.2 xo=-a, y,=b, z=C

.......... —a-a b-b / 2 -0
"y a b C
pt. 1: tail
X => -2, 1/2, 1

X| = (index)= A ==(integer)= E 5| OF SFLF,
EfA fl2e| =it 250 59| 25 &5}t

_ HElSE X| == 2l E S X| 21 X|3E bracket

4,1,2 => [412] 1597 2| 21 minus 452 At
o
°

9/5/18 20




Crystallographic Directions (iii)
O|EHQll HICHZ Z=0f Xl Yts

o
cubic unit cell LHO]| S & &
H 7[5 2 X}

Ol Al 3.4 Draw [110] direction, that
' originates from 000 point

1. [110] leads to uvw of 1, -1, and 0 Practice) Let’s construct the
2.%0,Y0,%20=0-a,0-b,0-c
3. x,Y,Z21=1-a,—-1-b,0-c

direction step by step

9/5/18
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0| £ L= 2|0| 0|t

SPERS

= O
=

F

-
o
o

F

114
o

], [100],[010],[010],[001],[001]

Family of equivalent crystal directions

2Rl AEr S| X =2
, cubic structureO{| A| [100

EE AO
O O O -

| ‘

o

Q0|

H

| = A2 OfL|Ct,

H

M2
[100] 2F [010]2 &S StLt, [001]1t

Q(=2l) orX| 2k Ol et AV E= 28 7 20A

Ct=Ct

=
-

onal Z 7 A Of| A

&

7t?)

Ol Al

Tetra
AA




Hexagonal Close-Packed (HCP) Coordinates System

f .
¢ Miller- Bravals _._fit71| = 37H°| %f-% oF M(basal @ O|2t £5)0| =10, 2719
Zt= 2 1205 2 RX|, LHHX| st52 0 Hoj| ARsto 2 2 FHE 0|
X [u'v'w']
[uvtw] in hexagonals
I N
|
~H— 3XH2l B2, SHX|BHa7ho] % 12|
| | 42 474 2| K| == (47 2] coordinates)
|
o .
R A R E L e
. SHOIX| &Ct (t=-u-v)

120°

9/5/18 23




HPC Crystallographic Directions (ii)

z Find the [uvtw] of the direction marked as the green arrow
Of| X| 3.5 [uvw] 2} [uvtw] 2tA|
H| X|=22| u,v,t = basal I__| a;,a,,a; =9 Bl E
| | K| 4-9F HIBE| D], wi 250} GatelC)
| | A
| | 3X|z=A| & Miller-Bravais 4X| A £ M 2tSt= 2.
: : See Egs. 3.3a—3.3d
I I
| | T [UVW] - [uvtw]
| | .
| | |7
Jeale Bt 1
¥ N u=-QU-Y)
d ; ~J -
- { v=2(2V-U)
E a t=(-u-—v)

w=W
O X. [010] & Miller-Bravais 4X| A 2 H} L H,

—1(0 1) —1(2 O)t—1 2 w=0
BE v=3 SR IRETL

9/5/18 24



HPC Crystallographic Directions (iii)

z
/
Determine indices for green vector
Example ay as V4
| | 1. Tail location 0 0 0
| | 5 Head location «a a 0
| | 2. Normalized 1 1 0
: : 3. Reduction 1 1 0
: : ) 4. Brackets [110]
: : a, 5. Convert to 4-axis parameters (eq 3.3a- 3.3d)
| Pt 1 1 1 1
J—p-—-1--K =—[(2)(MN-(N]== v=—[2)MN-(1]==
P S u 3[( )(1) - (1] 3 3[( )(1) - (] 3
1 1 2
\<cjf =Grg)=5 w0
~ - a,

6. Reduction & Brackets
1/3,1/3,-2/3,0 => 1,1,-2,0 => [1120]

9/5/18



[UVW] - [uvtw]

Example

1
u= 3 (2U =V)
Z . . . 1
} Determine indices for green vector by = §(2V — )
a;,a,z MI=22 O|FO{T &7 2 20tat t=(-u-v)
a, ar 4 w=W
| | 1-1. Tail location -a -a 0
: : K 1-2. Head location O 0 C
| | 2. Subtraction a a C
| / | 3. Normalize 1 1 1
: : ¢ 4. Reduction 1 1 1
| : a, 5. Brackets [111]
)'_ ] 7 6. Convert to 4-axis parameters (eq 3.3a- 3.3d)
Ve = S 1 1
< ~J Y u=§(2><1—1) v=§(2X1_1)
\é\ . 1 1
~~a a; "3 3 w=1

7. Reduction & Brackets

13,1/3,-2/3,1  => 1,1,-2,3 [1123]

9/5/18



[UVW] - [uvtw]

Example

1
u= 3 (2U =V)
Z . . . 1
} Determine indices for green vector by = §(2V — )
a1, a5,z M=S 2 O|F0{Z 57 2 2ot} t=(-u-v)
a, ar 4 w=W
| 1-1. Tail location -a 0 C
: : Y 1-2. Head location a 0 0
2. Subtraction 2a 0 -C
3. Normalize 2 0 -1
4. Reduction 2 0 -1
5. Brackets [201]
6. Convert to 4-axis parameters (eq 3.3a- 3.3d)
1 1
u=3(2x2-0) v=3(2x0-2)
f= 2t
- 373 w=-1

7. Reduction & Brackets

413, 213,-2/3,-1 = 4,2,2,3  [4223]

9/5/18 27 <




[UVW] - [uvtw]

Example

1
u= 3 (2U =V)
Z . . . 1
} Determine indices for green vector by = §(2V — )
a;,a5,z MFH22 O|FO{T Rt H# A = EOfe} t=(-u-v)
a, ar 4 w=W
| 1-1. Tail location 0 -a 0
: : K 1-2. Head location O a C
| | 2. Subtraction 0 2a c
| / | 3. Normalize 0 2 1
: : ¢ 4. Reduction 0 2 1
: : a, 5. Brackets [021]
)'_ A 7 6. Convert to 4-axis parameters (eq 3.3a- 3.3d)
Ve h S 1 1
s ~Jd Y u=§(2><0_2) ’U=§(2X2—0)
\é\ . 2 N 4
~a a, 373 w=1

7. Reduction & Brackets

2/3,4/3,-2/3,1 = 2,423 [2423]

9/5/18 28 <



[UVW] - [uvtw]

Example

1
u= 3 (2U =V)
Z . . . 1
} Determine indices for green vector by = §(2V — )
a;,a5,z MFH22 O|FO{T Rt H# A = EOfe} t=(Cu—-v)
a, ar 4 w=W
| | 1-1. Tail location 0 0 0
: : K 1-2. Head location -2/3a -a C
| | 2.  Subtraction -2/3a  -a C
| | 3. Normalize -2/3 -1 1
: : ¢ 4. Reduction -2 -3 3
: : a, 5. Brackets [233]
)'_ N\ || 7 6. Convert to 4-axis parameters (eq 3.3a- 3.3d)
// > \\ 1 1
~NJ Y u =§(2X(—2)+3) v=§(2)((—3)+2)
\4\ . 1 4
~~a a; "33 w=3
7. Reduction & Brackets
1/3,-4/3,5/3,3  => -1,-4,5,9 |1459]

9/5/18 29 <




[UVW] - [uvtw]

Example

1
u= 3 (2U =V)
Z . . . 1
} Determine indices for green vector by = §(2V — )
a;,a5,z MFH22 O|FO{T Rt H# A = EOfe} t=(Cu—-v)
a, ar 4 w=W
| | 1-1. Tail location 0 0 0
: : K 1-2. Head location 0 -a 2/3c
| | 2. Subtraction 0 -a 2/3c
| | 3. Normalize 0 -1 2/3
: : ¢ 4. Reduction 0 -3 2
: : a, 5. Brackets [032]
)'_ O\ || 7 6. Convert to 4-axis parameters (eq 3.3a- 3.3d)
y N 1 1
P u=z02x(0) = (-3) v=2(2x(-3)-0)
\<‘j’\
< a = aq t=—-1+2 w=2

7. Reduction & Brackets

1-2,1,2 = 1,2,1,2 [1212]

9/5/18 30 <




HCP Crystallographic Directions (ii)

[UVW] - [uvtw] [UVW] « [uvtw] ?
u=%(2U—V) — 3u=QU-V
V= %(ZV —U)

[ 3v=(2V—U)’/_\
t=(—u-—v)

}
we=Ww 6v = (4V — 2U)

|

6v + 3u = (3V)
!
2v+u =V

3u=2U-2v—u)

|
u + 2v = 2U — 2ut+v=U

9/5/18
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HCP Crystallographic Directions (ii)

11459]
| | 1 2u+v=U 2x(-1)—4 =—6=U
N [ ] u+2v =V —1+2x(-4)=-9=V
N o=w=w
%&’\/\\ . v
S 2o

—6,—9,9
—2/3,-1,1




(110) Plane referenced to the

f / origin at point O

z (001) Plane referenced to
the origin at point O

/ Other e\q/uivalent
y (110) planes
(b)

A (111) Plane referenced to
the origin at point O

> Other equivalent
(001) planes

(a)

Other equivalent /
(111) planes

Adapted from Fig. 3.7, ©

Callister & Rethwisch 9e.

9/5/18




Crystallographic Planes (ii)

OZ7dMHo| A& H|==2t 2| £ indicesE &=L},

= X -
022 X|3= (Miller index; 25 M| X|2= hk,|2 7|50 LIEFHCH:
»Reciprocals of the (three) axial intercepts for a plane.
> Cleared of fractions & common multiples ("8 ==; integer).
»All parallel planes have the same Miller indices.

JAlgorithm (procedure) used to determine the Miller index

1.8H9) B1O] MEVEI ZpHO| SHS X[t B2 NHSH BHO| =2 S h="2
(1= Hejsf 6o 2 o|SAT/TALt CF2 CIYHO| MES AES SAS
0HS Of O oFCF L
2. 9|0 IPH S E5tH AXSHA Bo| 35S DHLIZ|LF HEtet A £0| 1, B
071 2=l By EH-F X ol £A 110 2| S Z{XtAl = a, b, ¢l
E'Qr'i BAISCE 071 M 2 xy,z20] WAIBHE AR o] 2IEE 242 1=
ABCZ HA|,
3. TOHZ ABCOI 842 #ptel, Oj), Bt Bt H2 R A
obLpaT, T0] A== rfebA{ 00] o
4. 7T $=0] 1/A, 1/B, 1/CE 22} ab,c A} A40| £hQ|2 EFB}3HC}
=abc= x| &k
— ?&E - = TlOo.
5. 0|5 A 20| BE4E FBtALE LH-0f 2| 40| 42 LT
6. OFX| 2 2 2 parenthesis & AtESt, SOHE MEFSHG LEEFHTE: (hk)




Crystallographic Planes (iii): exercise 1

4
example a b c
1. Intercepts 1 1 00 g
2. Reciprocals 171 11 1/
3. Reduction 1 1 0 %
a b
4. Miller Indices  (110) X
4
example a b c 1
1. Intercepts 1/2 o0 0
2. Reciprocals 12  1/o 1/
2 0 0
3. Reduction 2 0 0 >y
4. Miller Indices  (100) a b

9/5/18



Crystallographic Planes (iii): exercise 2

example a b Cc c
1. Intercepts 1/2 1 3/4
2. 12 11 154
Reciprocals 2 1 4/3 y
3. Reduction 6 3 44 b
X

4. Miller Indices  (634)

Family of Planes {hkl}
Ex: {100} = (100), (010), (001), (100), (010), (001)

9/5/18



Crystallographic Planes (iii): exercise 3 (HCP)

JIn hexagonal unit cells the same idea is used

example q, a, az C i
1.Intercepts 1 0 -1 1

2. Reciprocals 1/1 1/ 1/-1  1/1
3. Reduction 1 0O -1 1

4. Miller-Bravais Indices (1011)




Equivalent directions due to rotational symmetry

All crystal structures have ‘translational’ symmetry.

Crystal structures may have ‘additional’ symmetries.

Cubic crystal structure has three types of rotational symmetries:

(111) Pole

T

¥ ‘(IOO) Plans

(100) Pole and line
of sight

{(110)
Plane

{111) Plane

{110) Pole

[‘00] Direction [100] Direction

Four-fold Two-Fold Three_-Fold
Rotation Rotation Rotation

9/5/18 38




Equivalence in family (due symmetries)

okl
o)l
rok

Hiok(= 2 M) AFO[Of| A 2] equivalence — translational symmetry

T

o0&
ok

2 Biok(= 2 M) ALO| 0| A1 2| equivalence — rotational symmetry

Cubicl| 4%

[100],[010],[001],[100], [010], [001] — (100)
(110), (101), (011), (110), (101), (011) - {110}




9/5/18

Materials and Packing

Crystalline materials...
« atoms pack in periodic, 3D arrays
* typical of: -metals

-many ceramics

-some polymers crystalline SiO2
. . Adapted from Fig. 3.11(a),
Noncrystalline materials... Callister & Rethwisch 9e.

- atoms have no periodic packing *Si e Oxygen
» occurs for: -complex structures
-rapid cooling

"Amorphous" = Noncrystalline

noncrystalline SiO2

"Quasi-crystal” = ordered but not periodic gPed e Ho 3110)




Schematic illustrations of crystalline, polycrystalline and amorphous materials

282 H| S & (=H| Z73 & noncrystalline)
Crystalline Amorphous
..’. |
(XXX 7)
CAX XX
* Grain

* Grain boundary (23 & A|)

[, 20| 9|%.0] 02 21 |9 glo]
CHH S0 H MO M L= Z{n}F 20|
S ZH=CE single crystal (EH2 )

[Ot rot

rgrke

Lo

ol oz rd
rmox 19

The schematic illustration is shown for 2D space. Remember that an actual
crystal is in 3D space and the participant atoms must fill the 3D space.

9/5/18



Single crystal, Polycrystal

* Single crystal: T &l X & A|HO| A O| ‘EhSILIE 1M E
* Polycrystal: O I = A|H S Crdot ol ZHE=E 1 d &
of of
Silicon ingots S0 MHES0
LIEfLE= CHE S
HHE R &2 Turbine blades
XS EST] ‘ # P
O
Df o

© (d)
troduction to the Study ical Metallurgy, 2nd edition, Constable &

Fig_03_10

9/5/18 42 N




Q: Why atoms are packed in an ordered manner?

Solidification: more

atoms are sticking to - Non dense, random packing ~ AEnergy
typical neighbor
¢bond length
&K o . , . >
e typical neighbor r
o :E: R bond energy —f

(a) (b)

» Dense, ordered packing typical neighbor

%IHH - ‘ bond length
(© } @) I ’
ég:‘p;:'d'yiﬁ;niijgéit\?avi?é.AnIntroduction\n(heStudyanhysicalMetalluvgy,anedltion,Constable& typl Cal n el ghbor r
bond energy !
A: Dense, ordered packed structures tend to have lower energies.
/_:

9/5/18 43 N




Points, Directions and Planes in unit cell

Octahedral

Interstitial atoms (alloying, &=

UM Bl =22 Lt 27
TEY g 28 M, 27

™ Ol atomic
nding force —
=13

o

bo
bSO 2 CHE (direction)

9/5/18



Anisotropy

OCHAN M@0 242 =M E ZH gheof [zt CHE 4= QIo}
SEFM A% M7 MES, 2HE 52 [100]0|LE, [111] O] LEO I} CH2 ZHS 77ICH
> 20| BrEH (S Yo | SHEFR| = e 0|84 (anisotropy) 2t S 2LCH

SOoHEINE, SHE 240 Y

= ot 2HA gl = I &8 (isotropy) 2F 2FCF.
>A-" Ax0| o|gtd 2 ZH™ Ol CHE A (symmetry)2f 2HA QULCE,

9|
> o2 Y F0| H2 28 +Z= €45 0| d0| ot <

Dense and less dense crystallographic planes

(100)

Table 3.3 Modulus of Elasticity (GPa) @\Q\ d 999
Modulus of Elasticity o o 000
Values for Several Metal [100] [110] [111] o
Metals at Various Aluminum 63.7 72.6 76.1
Crystallographic Copper 66.7 130.3 191.1
Orientations Iron 125.0 2105 2727

Tungsten 384.6 384.6 384.6

Source: R. W. Hertzberg, Deformation and Fracture
Mechanics of Engineering Materials, 3rd edition.
Copyright © 1989 by John Wiley & Sons, New York.
Reprinted by permission of John Wiley & Sons, Inc.
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ak(BF2]; orientation) O]

F

d
o

EDS
= 'O

Texture and anisotropy

B

7F & Ctet

A™ MZ7F HetZ A (texture)=

e C

L =
=5

Rolling
direction




Rolling direction

/

1 _—
Primary I N
winding T i
=i’lt/ y——— Secondary
L, — ﬁ/ winding
1 ! T
1 —
: l\ =t [110] Plane
|

—
\~-—-‘—_~—/
—

—'——-_j

B field

(110)[001] & ==

(100) 22FO| easy-

magnetization — X} 7| & O] O|
Yo = AESIH HE |9 O|HIM S JIAI M 7| 4T
Of| K| =4 0] ZOtEICE,
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O A—I— —
Lelo] ot Bl Y

JQuaternion (convenient mathematical notation for representing orientations)
JRodriguez (a vector and an angle; any arbitrary orientation; misorientation)

JEuler angles (Bunge notation (¢, ®, ¢,) is widely used — ZXZ convention)

JTransformation matrix A LaTeX script to generate below illustration:
https://youngung.github.io/euler/

vansgp 022 =C05(627)
Old co. sys.
[e1 e ej3]

é, [an ai a13]

x]

 AHAME 21,25, 23 2 O|FO{T ZHEA 11}
X1, X, x32 O[FO X E CHE ZtHEA 27t
LIEFLEQICE ZHEA| 29| x°;, basis vector2t ZHEA|
12| 2! basis vectors 12| A E ayq, az,, ars 2 Fr——=—=—=—=—=-=-=-==

direction cosine © 2 HE ST, ! Transformation matrix (not tensor) |

_________________________

A1 Ay Q43

M2 CtE & ZHHE H|(axes, coordinate) 2|
f_ ___________ B 2| 2HA 7t SELES| transformation
matrix2 E 3 =l



https://youngung.github.io/euler/

Euler angles

ZXZ convention
A

F 3

o BI2[2F &= EtH A (axes, coordinate system)
ALO|2] (EHR]) Bt A S LEEFHHCE,

- BIAKX HF L E[0[= Euler angle= 2
ARESHE (O A2 9l H o 2 )

« OfX| Rt 8F 2| o AT =5t A S A A MO M=
transformation matrix”’} = &S} L}.

O] transformation matrix”/| tensorial quantity2|

References: A8 H0) AR E|7| 2,
https://en.wikipedia.org/wiki/Euler angles

https://youngung.github.io/euler/




>Scalar Vector SO HA|= = |Eto B %= tensor.

c C
> Tensor= tensorA| E Zt# HetS SFCY Rank(order)oﬂ het Sefk|= =t et H
(transformation matr|x7f FEStAH ML

Q0 g, 55, 55, H#HAE, BdA+ 52 25 HA

3XFR SZH0| M Rank 7 22! HIAl = S 3x3 matrix form2 2 LEEFH,
> Matrix form2 2 E 3 E [ 9| Zt component 22 E73 ZtH A0 oI5 E™E S {9,

JEIAM = dot- product double inner product & 2| operation (~&d & F2);

S EH=EHdA = x HR

>0 =E:e °34£¢IA1_5+¢;74|¢E¢M1=14§;§E¢M1

>0U = E;jxi€  Einstein summation convention is assumed; they all quantities should be referred
in the same coordinate system(space)




Transformation matrix a;; and Euler angles

1Kt rank Bl A, @ (force, F)2| Zt&H H2HH 2Kt rank LA, 3 (stress, 6)2| ZtHE HeHH

3 3
_ _ _ T
Ojj = ZZ dijkdj10kl = ajkdj0x] — a0 -4
k 1

. COS QP COS Py — Sin Q; Sin @, cos D SINQ; coS @y +cos Q; Sin@y cos®@  sin@, sin@
Transformation ?1 ?2 JRLa %) ?1 ?2 @151 Q) P2

. ai- = |~cos@;singy—sin@;cos@;cos@ —sing;sin@, +cos@;cos @, cos@  cos @y sin@
matrix J

sin @y sin @ —cos @) sin® cos @

Excel or Google spread sheets:
https://youngung.github.io/euler2ndtensor/

THE TRANSFORMATION

ca REFERRED

s 3 3 3 e 3 5 3k 3k ok 3k o ok ok



https://youngung.github.io/euler2ndtensor/

Einstein summation convention

s20| N £ CIE HO|M BH5E| = index: 24 caseOl| L H4 = S5
>ai:bi —>al=b1, azzbz, 33=b3

&0t | 2 AHZ =l quantity(term) 2| index repeat: summation over that index is
presumed tacitly (implicit).

> Ol: aiiFi - 2yl = ainFy +apFa = apsFs
a7 |
>01| B;
529 EfE “4 Ol M == index i0 CHSE M| 7FX| casel] < 5,
= By = a;5Fj, By = ayjFj, B = ayjFj
< 12|10 hidden summationd| [LF2 ™ Zt case | A].

" BZ = 213 asz]' = a21F1 + azzFZ + 323F3 (_—'T E% Operat|0n0| Bll B301|E -i'g' %!O'” '|C')r9|)

o

JApplicable to tensorial algebra
> &jj = Mijjr01
> — 97tX] (ij) case
»— 2t case OFLf, e51 = My1pi0k = Xi Xy Ma1k10ki




Ol &

LExcel2 AFESHY] Euler angle= transformation matrix2 HF = spreadsheet=
0= 0 2XAT
> Euler angledf rotation matrix about an axis?

> M| rotation matrix= 4¢t

& HE{ [100N, 50N, ON]S Euler angle 45, 30,-202| 22| £ L #5}+= transformation
matrix& AFHE00] HEt A|Z] 212 O] T}

>l B O et M 2o HLj{f= F+ot!, 1 == H| s =2 0te},

»QH 2ot A1Vt LigtCt M 25t =X]? 22 1 o|0| 7t £ A QK| Ho £ X},

H7IEZHAMNZINE, §F
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